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Abstract
We study topological strings on local toric del Pezzo surfaces by a method called remodeling the B-model
which was recently proposed by Bouchard, Klemm, Marin˜o and Pasquetti. For a large class of local toric
del Pezzo surfaces we prove a functional formula of the Bergman kernel which is the basic constituent of
the topological string amplitudes by the topological recursion relation of Eynard and Orantin. Because
this formula is written as a functional of the period, we can obtain the topological string amplitudes
at any point of the moduli space by a simple change of variables of the Picard-Fuchs equations for the
period. By this formula and mirror symmetry we compute the A-model amplitudes on KIF2 , and predict
the open orbifold Gromov-Witten invariants of C3/Z4.
∗e-mail: d07002p@math.nagoya-u.ac.jp
1 Introduction
From a viewpoint of string compactification [1], the research of Calabi-Yau threefold has been made
by mathematicians and especially physicists since twenty-five years ago. Let us consider topological
string theory on a Calabi-Yau threefold, then from the topological string amplitudes we can obtain many
informations such as a part of F -term in the low energy effective action of four dimensional N = 2
supergravity [2, 3, 4], and the number of BPS bound states of D0 and D2 branes which is called the
Gopakumar-Vafa invariant [5, 6] and so on. On the other hand, by geometric engineering [7], we can
embed four (or five) dimensional gauge theories with eight supercharges into type IIA superstring (or
M) theory, especially by using a family of local toric Calabi-Yau threefolds giving rise to these gauge
theories, we can obtain informations about the four (or five) dimensional SU(N) gauge theories with eight
supercharges. In [8, 9, 10, 11] it was proved that an exact agreement between the partition functions of the
topological A-model on the above family of local toric Calabi-Yau threefolds and the Nekrasov’s formula
[12] for the supersymmetric SU(N) gauge theories on R4×S1. When we consider the topological A-model
on a local toric Calabi-Yau threefold, we find the stringy region where α′-correction becomes important
and we see that there are orbifold phases as the stringy region. Mathematically this is studied in the
context of what is called the crepant resolution conjecture [13]. Furthermore we can also consider the case
that there are insertions of A-branes to edges of the toric (web) diagram. In this paper we concentrate
on computing the A-model amplitudes on these background geometries. Basically two computation are
well known ;
• Direct calculus by making use of the topological vertex (or the localization theorem on the torus
fixed points) is easily carried out for the large radius phase of local toric Calabi-Yau threefold [14].
• By the mirror symmetry and the BCOV holomorphic anomaly equation [2], we can compute the
topological closed string amplitudes not only for the large radius phase but also for the orbifold phase
[15]. Recently Walcher proposed the holomorphic anomaly equation with frozen open string moduli [16],
but at present we cannot compute the topological string amplitudes with genuine open string moduli in
this method.
Recently Bouchard, Klemm, Marin˜o and Pasquetti conjectured [17, 18] that for local toric Calabi-Yau
threefold, the A-model amplitudes with genuine open string moduli of A-branes inserted to edges of the
toric (web) diagram are obtained by mirror symmetry and the topological recursion relation recently pro-
posed by Eynard and Orantin [19]. In [20], by discussing modularity it was proved that non-holomorphic
amplitudes obtained from this recursion relation satisfy the BCOV holomorphic anomaly equation, and
in [21] this topological recursion relation was rederived from the viewpoint of two dimensional Kodaira-
Spencer theory. In this paper we study the topological A-model on 11 local toric del Pezzo surfaces
described by the solid lines in figure 1. Our main result is that the Bergman kernel (annulus ampli-
tude) obtained from (4.6) in section 4 (and (2.13)) as an extension of the formula obtained in the case
of local IP2 [22]. Because this formula is written as a functional of the period which is a solution to
the Picard-Fuchs equations, we can obtain the annulus amplitude at any point of the moduli space by
expanding the solutions to the Picard-Fuchs equations in an appropriate coordinate. Furthermore since
the Bergman kernel is the basic constituent of the Eynard-Orantin’s topological recursion relation, we
can also compute the higher amplitudes at any point of the moduli space. We hope that this result sheds
light on the BKMP conjecture (3.13) and the structure of the holomorphic anomaly equation with open
string moduli.
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This paper is organized as follows. In section 2 we summarize the recursion relation proposed by
Eynard and Orantin and we write this in the form proposed in [22]. In section 3 we review the topological
string amplitudes that we consider in this paper. Section 4 is the main part of this paper, we prove (4.6)
as a functional formula of the annulus amplitudes on the above 11 local toric del Pezzo surfaces. We apply
this formula for several examples, and especially predict the open orbifold Gromov-Witten invariants of
C
3/Z4. We discuss the one-holed torus amplitude and the genus zero, three-hole amplitude in section 5.
Section 6 is the conclusion of this paper. In appendix A we describe a calculus of the A-model amplitudes
by the topological vertex [14]. In appendix B we study the torus amplitudes in several examples and check
the consistency with the BCOV holomorphic anomaly equation [23, 24]. In appendix C we summarize
the transformations of open string moduli proposed in [18], and consider the framing ambiguity of an
inserted A-brane. In appendix D we summarize the one-holed torus amplitudes on KIF0 and KIF2 on the
mirror side. In appendix E we summarize the topological open string amplitudes on KIF2 and C
3/Z4.
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Figure 1: Batyrev’s classification of two dimensional reflexive polytopes and their blow-downs [25, 26]:
In this paper we consider 11 reflexive polytopes described by the solid lines. Here we denoted the fan by
the black line, the (p, q)-web diagram by the red line and an inserted A-brane considered in section 4 by
the blue line. We have numbered the diagrams according to [27].
2 Eynard-Orantin’s topological recursion relation
In this section we summarize the topological recursion relation proposed by Eynard and Orantin [19].
Let us consider a genus g¯ Riemann surface with punctures
Σg¯ = {x, y ∈ C∗ | H(x, y; zα) = 0} ⊂ C∗ × C∗ , (2.1)
where zα, α = 1, · · · , n are the deformation parameters of the complex structure of Σg¯. We call the
curve H(x, y; zα) = 0 the spectral curve. By qi, i = 1, · · · , 2g¯ + 2 let us denote the ramification points
of H(x, y; zα) = 0. On neighborhood of qi, we find two distinct points q, q¯ ∈ Σg¯ such that x(q) = x(q¯)
by a projected coordinate. On Σg¯, Bouchard, Klemm, Marin˜o and Pasquetti defined the free energies
2
F (g,h)(p1, · · · , ph), g, h ∈ Z≥0, h ≥ 1, pi ∈ Σg¯ as follows [18] ;
F (g,h)(p1, · · · , ph) :=
∫ p1
· · ·
∫ ph
W (g,h)(p1, · · · , ph) , (2.2)
W (0,1)(p) := ω(p) := log y(p)
dx(p)
x(p)
, W (0,2)(p1, p2) := B(p1, p2)− dp1dp2
(p1 − p2)2 ,
W (g,h)(p1, · · · , ph) := W˜ (g,h)(p1, · · · , ph) , (g, h) 6= (0, 1), (0, 2) ,
where the above integral is carried out by a chain integral [pi, p
∗
i ] for each points pi and certain fixed
points p∗i . B(p1, p2) is the Bergman kernel defined in the following. W˜
(g,h)(p1, · · · , ph) is a multilinear
meromorphic differential defined by the Eynard-Orantin’s topological recursion relation [19] inspired from
the loop equation of the Hermitian one-matrix model [28, 29, 30].
W˜ (0,1)(p) := 0 , W˜ (0,2)(p, q) := B(p, q) ,
W˜ (g,h+1)(p, p1, · · · , ph) :=
∑
qi
Res
q=qi
dEq,q¯(p)
ω(q)− ω(q¯)
{
W˜ (g−1,h+2)(q, q¯, p1, · · · , ph)
+
g∑
l=0
∑
J⊂H
W˜ (g−l,|J|+1)(q, pJ )W˜
(l,|H|−|J|+1)(q¯, pH\J )
}
,
H = {1, · · · , h} , J = {i1, · · · , ij} ⊂ H , pJ = {pi1 , · · · , pij} , (2.3)
dEq,q¯(p) :=
1
2
∫ q¯
q
B(p, ξ) , near a ramification point qi .
We define the Bergman kernel by the following conditions.
• B(p, q) ∼
p→q
dpdq
(p− q)2 + finite . • Holomorpic except p = q .
•
∮
AI
B(p, q) = 0 , I = 1, · · · , g¯ , (2.4)
where (AI , B
I) is a canonical basis of one-cycles on Σg¯ except cycles with trivial monodromy. Now we
can write the Bergman kernel explicitly for g¯ = 0 and 1. In the case of g¯ = 0 Riemann surface which is
described by x(p) = p, y(p) = y(x) (: a rational function), the Bergman kernel is given by
B(p1, p2) =
dy1dy2
(y1 − y2)2 , yi = y(xi) . (2.5)
Next, we consider the g¯ = 1 Riemann surface Σ which is described by
x(p) = x(p¯) , y(p), y(p¯) =
1
2
(f(x)± b(zα)
√
σ(x)) , (2.6)
σ(x) =
4∏
i=1
(x − si) = x4 − S1(zα)x3 + S2(zα)x2 − S3(zα)x+ S4(zα) , (2.7)
where b(zα) is a rational function of zα’s and ℜs1 ≤ ℜs2 ≤ ℜs3 ≤ ℜs4, and f(x) is a polynomial of degree
two or less than two. In this case the Bergman kernel is given by the Akemann’s formula [29] which is
derived from two-cut ansatz of the Hermitian one-matrix model.
B(x1, x2) =
dx1dx2
2(x1 − x2)2 +
dx1dx2
4
√
σ(x1)σ(x2)
{
M(x1, x2) +M(x2, x1)
(x1 − x2)2 −
E(k)
K(k)
(s1 − s3)(s2 − s4)
}
, (2.8)
M(x1, x2) = (x1 − s1)(x1 − s2)(x2 − s3)(x2 − s4) , (2.9)
K(k) =
∫ 1
0
dt√
(1− t2)(1 − k2t2) , E(k) =
∫ 1
0
dt
√
1− k2t2
1− t2 , k
2 =
(s1 − s2)(s3 − s4)
(s1 − s3)(s2 − s4) . (2.10)
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In [22], this formula was rewritten as follows. Firstly we get
M(x1, x2) +M(x2, x1) = 2x
2
1x
2
2 − x1x2(x1 + x2)S1 − (x1 + x2)S3 + 2S4
+(s1s2 + s3s4)(x
2
1 + x
2
2) + 2(s1 + s2)(s3 + s4)x1x2 , (2.11)
in terms of the elementary symmetric polynomials Sk. Here we note the formula
K(k)E(k) = π2
(
E2(τ)
12
+ ω21e3
)
, τ : modulus of Σ , (2.12)
ω1 :=
2i
π
K(k)√
(s1 − s3)(s2 − s4)
, e3 :=
1
12
(S2 − 3(s1s2 + s3s4)) ,
where E2(τ) is the second Eisenstein series which is a quasi-modular holomorphic form of weight 2. From
(2.11) and (2.12), we obtain
B(x1, x2) =
dx1dx2√
σ(x1)σ(x2)
(√
σ(x1)σ(x2) + f(x1, x2)
2(x1 − x2)2 +
G(τ)
4
)
, (2.13)
f(x1, x2) : = x
2
1x
2
2 −
1
2
x1x2(x1 + x2)S1 +
1
6
(x21 + 4x1x2 + x
2
2)S2 −
1
2
(x1 + x2)S3 + S4 , (2.14)
G(τ) : =
E2(τ)
3ω21
. (2.15)
In section 4 by regarding the modulus τ as a function of the complex moduli parameters zα we will prove
(4.6). From this formula and the recursion relation (2.3) we can obtain the free energies F (g,h)(x1, · · · , xh)
explicitly in the case when the spectral curve has the form (2.6). Furthermore, in [22] by estimating (2.3)
it was proved that W (g,h)(x1, · · · , xh), g, h ∈ Z≥0, h ≥ 1, (g, h) 6= (0, 1), (0, 2) can be written as
W (g,h)(x1, · · · , xh) = dx1 · · · dxh
∆(zα)2g−2+h
∏h
i=1
√
σ(xi)
3g−3+2h∑
k=0
G(τ)kf
(g,h)
k (x1, · · · , xh) , (2.16)
f
(g,h)
k (x1, · · · , xh) =
Q
(g,h)
k (x1, · · · , xh)∏h
i=1 σ(xi)
3g−2+h
,
Q
(g,h)
k (x1, · · · , xh) : a finite degree polynomial of xi and zα ,
where ∆(zα) =
∏
i<j(si − sj)2 is the discriminant of the curve (2.7). In section 5 we will discuss the
higher amplitudesW (1,1)(x) andW (0,3)(x1, x2, x3), and in appendix B the torus (g = 1, h = 0) amplitude
will be discussed.
3 Topological strings on local toric Calabi-Yau threefold
Now we review the topological string amplitudes on local toric Calabi-Yau threefold, and clarify what to
be computed and how to compute it [31, 17]. Firstly, let us consider the topological A-model on a local
toric Calabi-Yau threefold MA, and we insert an A-brane to an edge of the toric (web) diagram as figure
1 of section 1. This is considered as a Lagrangian submanifold L of MA with dimH1(L,Z) = 1 [32]. The
topological A-model can be described by holomorhic maps φ from Σg,h, which is a compact Riemann
surface with genus g and h boundaries, to the target variety MA ;
φ : Σg,h −→ MA : holomorphic map ,
∂Σg,h =
h⋃
i=1
Ci −→ L ⊂MA , (3.1)
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where the boundary ∂Σg,h of Σg,h consists of h connected components Ci, and they are mapped to the
Lagrangian submanifold L of MA. These informations are summarized by the A-model amplitude which
has two contibutions as follows ;
1. Bulk : This contribution is encoded by φ∗[Σg,h] = β ∈ H2(MA,L) . (3.2)
2. Boundary : This contribution is encoded by φ∗[Ci] = ωiγ , ωi ∈ Z , (3.3)
where γ is a basis of H1(L,Z). By taking these into consideration, the A-model amplitude or the
generating function F(V ) of the free energies F (g,h)A is written as
F~ω,g(Q) =
∑
β
N~ω,g,βQ
β, ~ω = (ω1, · · · , ωh) , (3.4)
F(V ) =
∞∑
g=0
∞∑
h=1
∑
ωi
g2g−2+hs F~ω,g(Q)
1
h!
TrV ω1 · · ·TrV ωh (3.5)
=
∞∑
g=0
∞∑
h=1
g2g−2+hs F (g,h)A (X1, · · · , Xh;Q) , gs : the string coupling constant ,
where Q denotes the parameters of the Ka¨hler moduli space MA of MA, and V is a holonomy matrix
of the gauge group U(∞) on the source A-brane. In the second equality of (3.5), by transforming from
~ω to the winding base ~k = (k1, k2, · · ·), where ki is the number of i included in ~ω, we have made an
identification ∏ 1
kj !
(
TrV j
)kj ←→ ∏XjI1 · · ·XjIkj = Xω11 · · ·Xωhh , (3.6)
where h =
∑
kj ,
∑h
i=1 ωi =
∑
jkj . We interpret Xi as the open string moduli of this model. Note that
in mathematical literature, N~ω,g,β is nothing but the open Gromov-Witten invariants of the Calabi-Yau
varietyMA with the A-brane. In this paper we want to consider a computation of F (g,h)A on 11 local toric
del Pezzo surfaces in figure 1, especially around any point on the Ka¨hler moduli space of these variety via
the mirror symmetry [15, 27, 33]. So we will summarize the mirror symmetry, the mirror map, and the
mirror curve given by Hori and Vafa [34]. To explain the mirror symmetry, we introduce a mirror variety
MB of MA. This mirror pair satisfies the following homeomorphic relations between the cohomology of
MA and MB.
H1
(
MA,Ω
1(MA)
) ≃ H1 (MB,Ω2(MB)) , H1 (MA,Ω2(MA)) ≃ H1 (MB,Ω1(MB)) , (3.7)
where Ωp(M) is the sheaf of the germs of the holomorphic p-form onM . Furthermore the mirror symmetry
asserts that there is a correspondence between the Ka¨hler moduli space MA of MA and the complex
moduli space MB of MB, and we can confirm a duality between the A-model on MA and the B-model
on MB. The mirror map connects these two models by
Q ∈MA, Xi mirror map←→ z ∈MB, xi (3.8)
F (g,h)A (X1, · · · , Xh;Q) ←→ F (g,h)B (x1, · · · , xh; z) (3.9)
where Xi and xi are the open string moduli of the A-model and the B-model respectively, and F (g,h)B
is the free energies of the B-model on MB. Hereafter we will consider the case that MA is a local toric
Calabi-Yau threefold defined by
MA : = X/U(1)
n−3, U(1)n−3 : Xi → ei
P
α ǫαl
α
i Xi , rα ∈ MA ,
X : =
{
(X1, · · · , Xn) ∈ Cn
∣∣∣∣∣
n∑
i=1
lαi |Xi|2 = rα,
n∑
i=1
lαi = 0, α = 1, · · · , n− 3, lαi ∈ Z
}
, (3.10)
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where lαi are n−3 charge (or Mori) vectors, and the second condition of (3.10) is the Calabi-Yau condition
[32]. In this case we can construct the mirror variety MB as
MB : =
{
(ω+, ω−, x1, · · · , xn) ∈ C2 × (C∗)n
∣∣∣∣∣ ω+ω− =
n∑
i=1
xi,
n∏
i=1
x
lαi
i = zα,
n∑
i=1
lαi = 0
}
=
{
(ω+, ω−, x, y) ∈ C2 × (C∗)2 ∣∣ ω+ω− = H(x, y; zα) } , (3.11)
where in the second equality, we used the Calabi-Yau condition for the charge vectors and normalized
one of the parameters of this variety to a constant. On this mirror variety, we can introduce a no-where
vanishing holomorphic three-form Ω which is a fundamental quantity of Calabi-Yau geometries, and
furthermore we can reduce this Ω to an one-form ω on the mirror curve Σg¯ defined by H(x, y; zα) = 0
via integrating out procedure [35]. Concretely, when we solve H(x, y; zα) = 0 for y, the result of this
procedure is
Ω = ResH(x,y;zα)−ω+ω−
[
dω+dω−dxdy
(H(x, y; zα)− ω+ω−)xy
]
=⇒ ω(x) = log(y)dx
x
. (3.12)
We quote this curve H(x, y; zα) = 0 as the mirror curve Σg¯. Furthermore a moduli space of the A-brane
considered in this paper is described by this mirror curve via the mirror symmetry [32, 18]. On this
curve, we can compute the free energies F (g,h) defined in section 2. Here Bouchard, Klemm, Marin˜o and
Pasquetti conjectured that [18]
F (g,h)B (x1, · · · , xh; z) = F (g,h)(x1, · · · , xh; z) , (3.13)
as an extention of Dijkgraaf and Vafa’s work that connected the topological B-model on some blowup
Calabi-Yau geometries and some Hermitian one-matrix models [36, 37]. Before going on further let us
consider the closed mirror map (3.8). By making use of (3.12) the closed mirror maps are given by flat
coordinates on the complex moduli spaceMB as
Tα(z) =
∮
Aα
ω(x) , Qα = e
Tα(z) , (3.14)
F (0,0)A,α =
∂F (0,0)A
∂Tα
=
∮
Bα
ω(x) , (Aα, B
α) : a canonical basis of Σg¯ , (3.15)
where F (0,0)A is the genus 0 prepotential of the A-model. The open mirror map is given by flat open string
parameter
U =
∫ u∗
u
ω(x) , x = eu, X = eU , (3.16)
where u∗ is a point that log y jumps 2πi through this integral region. The closed mirror maps (3.14)
are obtained from logarithmic solutions to the Picard-Fuchs (PF) equations Dαf(z) = 0, where the PF
operators {Dα} are defined by
Dα :=
∏
lαi >0
(
∂
∂xi
)lαi
−
∏
lαi <0
(
∂
∂xi
)−lαi
, (3.17)
by the charge vectors lαi . (3.15) are also obtained from double logarithmic solutions to the (extended) PF
equations [35]. The open local mirror map (3.16) is obtained from the open string extension of the PF
equation [38] which is not explained here. We will explicitly write these mirror maps for several concrete
examples in the next section.
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4 Annulus amplitudes on local toric del Pezzo surfaces
In this section we consider the annulus amplitude by (2.13). In [22], G(τ) was obtained as the functional
of the period in the case of local IP2. As an extension of their result we show a functional formula (4.6)
for 11 local toric surfaces in figure 1. Because this formula is written as a functional of the period, we
can compute the annulus amplitude at any point of the moduli space by expanding the solutions to the
PF equations in an appropriate coordinate.1 This formula also has a suggestive form as a propagator or
a two point function of a free boson on a mirror curve [21]. By this formula we compute the annulus
amplitudes for several concrete examples. These computation not only give explicit examples of the
BKMP conjecture (3.13), but also lead to new results of the open orbifold Gromov-Witten invariants as
subsection 4.4.
4.1 Set up of local toric surfaces
Let us concentrate on the local toric del Pezzo surfaces represented by 11 reflexive polytopes in two
dimensions ([25, 27], see figure 1 in section 1) which have more than two automorphisms, because the
mirror curves of these varieties have the form (2.6).2 To compute the annulus amplitudes we give the data
of these geometries. These data are easily obtained from the toric data of the reflexive polytopes, and
because 11 surfaces that we consider in this paper are obtained from the (special) fifth del Pezzo surface
dP5 (no.13 of figure 1) by blow-downs, we concentrate on KdP5 (local toric dP5). This is constructed
from the following six charge vectors lαi , α = 0, · · · 5, i = 1, · · · , 9 in (3.10),
lα = (−α, 1, α− 2, eα+1) , α = 0, · · · , 4 ,
l5 = (−2, 0, 1, e6) , eni = δn,i , n, i = 1, · · · , 6 . (4.1)
The charge vectors of the above 11 local toric surfaces can be resumed by the following scheme.
8 5 2
[l2, l3, l4, l5] −→ [l2, l3, l5] −→ [l2, l5]
13 11 ր 9 ցր 6 ց 3 1
[lα, l5] −→ [l1, l2, l3, l4, l5] −→ [l1, l2, l3, l5] −→ [l3, l4, l5] −→ [l3, l5] −→ [l3]
ց 10 ր ց 4
[l0, l1, l2, l3] [l4, l5]
We find that this scheme surely corresponds to the blow-downs of figure 1, and here we note l3 = l1 + l5
and l4 = l0 + 2l5 in the following examples such as KIF2 (example 3). From (3.11) we can construct a
mirror curve Σ of KdP5 . Here by setting x = −x1, y = −x2, x3 = λ−1, Σ is described by the equation
Σ : λy2 − (1 − λx+ z˜5x2)y + λ−1
4∑
α=0
z˜α(−x)α = 0 , (4.2)
where z˜α = λ
αzα for α = 0, · · · , 4 and z˜5 = λ2z5. Note that this curve is described by x and y, whereas
λ is considered as a scaling freedom of this curve, and by this setting we can describe the moduli space
1If the Bergman kernel is computed, then by the Eynard-Orantin’s topological recursion relation (2.3), in principle we
can obtain the higher amplitudes at any point of the moduli space.
2Note that the local toric surfaces represented by 9 reflexive polytopes of these polytopes are generally local toric del
Pezzo surfaces because these surfaces obtained as blow-ups of IP2 at less than four torus-fixed points. But the local toric
surfaces represented by remaining 2 reflexive polytopes (no.11 and no.13 of figure 1) are special local toric del Pezzo surfaces
which complex moduli of these surfaces are fixed.
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of the A-brane described in no.13 of figure 1 [32, 18]. This curve has the same form as (2.6), so we can
use the formula (2.13).
4.2 A functional formula of the annulus amplitudes
Before computing the Bergman kernel, let us note the following important remarks. From (2.13), the
Bergman kernel is constructed from f(x1, x2) and G(τ), and these quantities correspond to
1. f(x1, x2) ←− a holomorphic ambiguity , (4.3)
2. G(τ) ←− a bulk (modular) dependent term . (4.4)
1. This term is completely written by the symmetric polynomials Si(zα) of the branch points, and can
be identified as a holomorphic ambiguity of the BCOV holomorphic anomaly equation [2, 22]. Further-
more this term is important for deformations of the open string moduli, which correspond to the framing
change of the A-brane, the change of the brane location and so on. These deformations are carried out
by reparametrizations of the mirror curve Σ, which preserve the symplectic form |dx/x∧dy/y| on Σ [18],
PSL(2,Z) y Σ −→ Σ
∈ ∈ ∈(
a b
c d
)
:
(
x
y
)
7−→
(
xayb
xcyd
)
.
(4.5)
Note that because the Bergman kernel defined as (2.4) is irrelevant for this reparametrization of Σ, we
can compute the Bergman kernel in another open string phase by a simple reparametrization of the open
string moduli. In appendix C we will discuss the framing of the A-brane by this deformation.
2. This term is important to discuss deformation of the closed string moduli which is carried out by
the symplectic transformation of a canonical basis (A,B) with non-trivial monodromy. By this transfor-
mation, in the Ka¨hler moduli space of a local toric surface, we can move from the large radius phase to
the orbifold phase via the mirror symmetry. Because in the following claim we show that this term can
be written as a functional of the period, this symplectic transformation is carried out by a simple change
of variables of the PF equations. In section 4.3 and 4.4 we will consider this transformation for several
concrete examples.
Now we will compute the Bergman kernel from (2.13) for the above 11 local toric surfaces. For this
purpose we should compute G(τ), and we prove the following formula as an extension of [22].
Claim : For the above 11 local toric surfaces, by a change of variables in the complex moduli space
MB of a mirror curve Σ, G(τ) is given by
G(τ) = −F (zα)
Czzz
θ {12 log b(zα)θTz(zα) + log∆(zα)} , θ := z ∂
∂z
, F (zα) :=
(
3ab(zα)
2z3
)−1
, (4.6)
where ∆(zα) is the discriminant of Σ and Czzz is a Yukawa coupling, and a and b(zα) are obtained in
(4.9) and (4.14) (or (2.6)). Tz(zα) is a flat coordinate onMB given by (3.14) which has the form
Tz(zα) = log z +M(zα), M(zα) : a power series of z1, · · · , zn , (4.7)
where we identify the parameter z with z1.
Proof) Let us consider the mirror variety MB of one of the above 11 local toric surfaces with n
8
parameters, and make a change of variables in the complex moduli space MB of MB such that the flat
coordinates have the form
Tz(zα) = log z +M(zα) , α = 1, · · · , n , z1 = z ,
Tα˜(zα˜) = log zα˜ +N(zα˜) , α˜ = 2, · · · , n , N(zα˜) : a power series of zα˜ only . (4.8)
This change of variables is possible in our examples (see (4.31)), and in these variables τ is given by
τ(zα) = a
∂2F (0,0)A
∂T 2z
, (4.9)
where a is a constant. As seen from (2.15), G(τ) is constructed from two parts, E2(τ) and ω1. At first
let us consider E2(τ). In lemma 1 we will prove
E2(τ) =
d
dτ
(12 logω1 + log∆(zα)) =:
d
dτ
f (τ(zα)) . (4.10)
From ∂∂z f(τ) =
∂τ
∂z
d
dτ f(τ), we obtain
E2(τ) =
d
dτ
f(τ) =
(
∂τ
∂z
)−1
∂
∂z
f(τ) . (4.11)
By making use of (4.9) and the Yukawa couplings Cαβγ ∈ Sym3 (TMB)⊗ L−2, 3
∂τ
∂z
= a
n∑
δ=1
∂Tδ
∂z
∂3F (0,0)A
∂Tδ∂T 2z
= a
n∑
δ=1
∂Tδ
∂z
CTδTzTz
= a
n∑
α,β,γ,δ=1
∂Tδ
∂z
∂zα
∂Tδ
∂zβ
∂Tz
∂zγ
∂Tz
Cαβγ = a
n∑
β,γ=1
∂zβ
∂Tz
∂zγ
∂Tz
Czβγ
= a
(
∂Tz
∂z
)−2
Czzz , (4.12)
where in the fourth and fifth equality, we used
δαz =
∂zα
∂z
=
n∑
β=1
∂Tβ
∂z
∂zα
∂Tβ
=
∂Tz
∂z
∂zα
∂Tz
⇐⇒ ∂zα
∂Tz
= δαz
(
∂Tz
∂z
)−1
,
as seen from our variables (4.8). So from (4.11) we obtain
E2(τ) = a
−1
(
∂Tz
∂z
)2
C−1zzz
∂
∂z
(12 logω1 + log∆(zα)) . (4.13)
Next, let us consider ω1 and in lemma 2, we will prove
ω1 = ib(zα)θTz , b(zα) : a rational function of zα’s defined in (2.6) . (4.14)
Therefore by combining (4.13) and (4.14), from (2.15) we get the formula (4.6).
To complete our claim we show (4.10) and (4.14) in the following lemmas.
Lemma 1: E2(τ) has the form (4.10) for elliptic curves with genus one.
Proof) Firstly we note the Thomae’s formula for a genus one Riemann surface (Prop. 3.6 of [39]),
ϑ40 = J(zα)
2(s1 − s2)(s3 − s4) ,
ϑ42 = J(zα)
2(s1 − s4)(s2 − s3) ,
ϑ43 = J(zα)
2(s1 − s3)(s2 − s4) ,
J(zα) :=
∮
A
dx√
σ(x)
, (4.15)
3L is a holomorphic line bundle over MB such that the section is given by the holomorphic three-form Ω as (3.12).
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where si’s are the branch points of the mirror curve defined in (2.7), and A is an A-period on the Riemann
surface. ϑ0, ϑ2 and ϑ3 are the theta constants with q = e
2πiτ which are defined by
ϑ0 : = 1 + 2
∞∑
n=1
(−1)nq n
2
2 = q0
∞∏
n=1
(
1− q 2n−12
)2
, q0 :=
∞∏
n=1
(1− qn) , (4.16)
ϑ2 : = 2
∞∑
n=1
q
1
2 (n−
1
2 )
2
= 2q
1
8 q0
∞∏
n=1
(1 + qn)
2
, (4.17)
ϑ3 : = 1 + 2
∞∑
n=1
q
n2
2 = q0
∞∏
n=1
(
1 + q
2n−1
2
)2
. (4.18)
Because the complete elliptic integral K(k) is related to ϑ3 by
K(k) =
π
2
ϑ23 , (4.19)
from (4.15) we get
ϑ40ϑ
4
2ϑ
4
3 = J(zα)
6∆(zα)
1
2 , ω1 =
2i
π
K(k)√
(s1 − s3)(s2 − s4)
= iJ(zα) . (4.20)
On the other hand the product of ϑ0, ϑ2 and ϑ3 is related to the Dedekind eta function by
ϑ0ϑ2ϑ3 = 2η(τ)
3 , η(τ) := q
1
24
∞∏
n=1
(1− qn) = q 124 q0 . (4.21)
From (4.20) and (4.21), we obtain
log η(τ) =
1
2
logω1 +
1
24
∆(zα) + c , (4.22)
where c is a constant. In the end, by making use of the formula
E2(τ) = 24
d
dτ
log η(τ) , (4.23)
we obtain (4.10).
Lemma 2: ω1 is given by the form (4.14) for the above 11 local toric surfaces.
Proof) To prove this, it is enough that we prove this for KdP5 because others are obtained from KdP5
by blow-downs. For simplicity, we reparametrize the curve (4.2) as x → x−1, y → x−2y by making use
of (4.5),
Σ˜ : λy2 − (x2 − λx+ z˜5)y + λ−1
4∑
α=0
z˜α(−x)4−α = 0 . (4.24)
For this curve, (2.7) is obtained as
σ(x) =
1
1− 4z˜0
{
(x2 − λx + z˜5)2 − 4
4∑
α=0
z˜α(−x)4−α
}
=:
1
1− 4z˜0 σ˜(x) . (4.25)
From (4.20), we rewrite ω1 by ω(x) in (3.12) as [40]
ω1 = i
∮
A
dx√
σ(x)
= i (1− 4z˜0)
1
2
∮
A
dx√
σ˜(x)
= −i (1− 4z˜0)
1
2
∂
∂λ
∮
A
log
(
(x2 − λx + z˜5) +
√
σ˜(x)
2
)
dx
x
= −i (1− 4z˜0)
1
2
∂
∂λ
∮
A
ω(x) . (4.26)
10
Here we note
− λ ∂
∂λ
=
5∑
α=1
Dαθα , θα = zα
∂
∂zα
, Dα := α, for α = 0, · · · , 4 and D5 := 2 . (4.27)
On the other hand, we have to make a change of variables such that the flat coordinates have the same
form as (4.8). For charge vectors (4.1), from (3.17) we obtain the flat coordinates Tα as follows [38] ;
Tα= log zα + αM(z) + (2 − α)N(z0) , α = 0, · · · , 4 , T5 = log z5 + 2M(z)−N(z0) , (4.28)
M(z) :=
∑
mα≥0, (α−2)mα+m5≥0
(−1)m1+m3
(∑4
α=0 αmα + 2m5 − 1
)
!(∑4
α=0mα
)
!
(∑4
α=0(α− 2)mα +m5
)
!
∏5
α=0mα!
5∏
α=0
zmαα ,
N(z0) :=
∞∑
m=1
(2m− 1)!
(m!)2
zm0 = − log
1 +
√
1− 4z0
2
.
Now let us define
T 0 = T0 , Tα = Tα − α
2
T5 −
(
1− α
4
)
T0 , α = 1, · · · , 4 , T 5 = T5 + 1
2
T0 =: Tz , (4.29)
z0 = z0 , zα = zαz
−α2
5 z
−(1−α4 )
0 , z5 = z
1
2
0 z5 =: z . (4.30)
In these new variables, the flat coordinates (4.28) are rewritten as
T 0 = log z0 + 2N(z0) , Tα = log zα , T 5 = log z5 + 2M(z) . (4.31)
Because we obtain
5∑
α=1
Dαθα =
5∑
α,β=1
Dαzα
∂zβ
∂zα
∂
∂zβ
= 2z
∂
∂z
= 2θ ,
from (4.27), by normalizing to λ = 1 we can rewrite (4.26) as
ω1 = 2i (1− 4z0)
1
2 θ
∮
A
ω(x) . (4.32)
From (3.14), we can choose a cycle Az such as
Tz(zα) =
∮
Az
ω(x) ,
and from the asymptotic behavior ω1 ∼ i + O(zα), we find that two cycles A and Az should be related
by 2A = Az up to integrals around punctures, so we obtain
ω1 = i (1− 4z0)
1
2 θTz(zα) . (4.33)
By b(zα) = (1−4z0)1/2, our lemma is proved. Note that in the case of z5 = 0, we can also make a change
of variables such as (4.29) and (4.30). In general, from (4.26) we see that b(zα) is given in (2.6).
4.3 Examples
Here we give several concrete examples of the annulus amplitude. In the following examples, for simplicity
we reparametrize the mirror curve as x→ x−1, y → x−2y, and put λ = 1. In this open string phase, by
a change of variables (4.30) the mirror curve of KdP5 is given by
Σ˜ : y2 − (x2 − x+ z− 120 z)y + z0x4 +
4∑
α=1
z
α
2 z
1−α2
0 zα(−x)4−α = 0 , (4.34)
11
where we abbreviated zα to zα. From (4.31) the closed mirror maps are given by
T0 = log z0 + 2N(z0) , Tα = log zα , α = 1, · · · , 4 , Tz = log z + 2M(zα) . (4.35)
Taking account of the above reparametrization, we obtain the annulus amplitude from (4.6),
AB(x1, x2) := F (0,2)B (x1, x2; zα) = F (0,2)(x1, x2; zα) =
∫ x1 ∫ x2
W (0,2)(x−11 , x
−1
2 )
1
x21x
2
2
, (4.36)
W (0,2)(x1, x2) =
dx1dx2√
σ(x1)σ(x2)
(
−√σ(x1)σ(x2) + f(x1, x2)
2(x1 − x2)2 +
G(τ)
4
)
,
G(τ) = −F (zα)
Czzz
θ
{
12 log(1 − 4z0) 12 θTz(zα) + log∆(zα)
}
, F (zα) =
(
3a(1− 4z0)z3
)−1
,
where in the second equality of (4.36), we used the BKMP conjecture (3.13). Actually in the following
examples we can check this conjecture. The open mirror map (3.16) is given by [38]
X = −e−M(zα)x = −
(
z
Qz
) 1
2
x , Qz := e
Tz . (4.37)
By applying the mirror maps (4.35) and (4.37) to (4.36), we can obtain the annulus amplitude AA(X1, X2)
on KdP5. Note that for 9 local toric surfaces of 11 local toric surfaces, we can use above strategy, whereas
for 2 local toric del Pezzo surfaces KIP2 and KdP3 (corresponding to no.1 and no.10 of figure 1) we cannot
use above computation because z5 = 0. But the same way as the change of variables (4.29) and (4.30),
we can obtain the annulus amplitudes on these varieties. As examples, let us consider KIP2 , KIF0 , KdP (0)2
and KIF2 (no.1, no.2, no.5 and no.4 of figure 1). These examples were investigated in [17, 18, 22, 40],
and recently based on the BCOV holomorphic anomaly equation, the closed string higher amplitudes
were computed for these examples in [41, 42]. Because KIP2 and its orbifold phase C
3/Z3 were studied
in [17, 18] and [43, 22], at first we consider the annulus amplitude on KIF0 based on the formula (4.6).
Example 1-1: KIF0 [17]
r
r ?
?
Figure 2: Fan of KIF0 :
r2 and r5 are the
Ka¨hler parameters de-
fined in (3.10).
Because the charge vectors of KIF0 are given by
l2 = (−2, 1, 0, 1, 0) , l5 = (−2, 0, 1, 0, 1) ,
after a reparametrization x→ x−1, y → x−2y, we obtain a mirror curve of this
variety
y2− (x2 − x+ z)y+ zz2x2 = 0 , σ(x) = (x2 − x+ z)2 − 4zz2x2 =
4∏
i=1
(x− si) .
(4.38)
The inserted A-brane represented by the blue line in figure 2 is well described
by this curve. The necessary data to compute G(τ) from (4.36) are
∆(zα) =
4∏
i=1
σ′(si) = 4
4z4z22∆0(zα) , ∆0(zα) := 1− 8z(1 + z2) + 16z2(1− z2)2 ,
Czzz = − 1
z3∆0(zα)
, and a = −4 , b = 1 , so F (zα) = −1
12z3
, (4.39)
where the Yukawa coupling and a = −4 has been obtained in [35] and [41]. From this data, we obtain
G(τ) = − 1
12
∆0(zα)θ {12 log θTz(zα) + 4 log z + log∆0(zα)} . (4.40)
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The closed and open mirror maps are given by
Tz(zα) = log z + 2
∞∑
m,n≥0
(2m+ 2n− 1)!
m!2n!2
zm+nzn2 , T2(z2) = log z2 , (4.41)
and (4.37) respectively. By (4.29), we write in the original variables Q2 and Q5,
Q2 −→ Q2
Q5
, Qz −→ Q5 .
From these, we obtain the annulus amplitude
AA(X1, X2) =
∫ x1 ∫ x2
W (0,2)(x−11 , x
−1
2 )
1
x21x
2
2
=
∑
i1,i2
A(i1,i2)(
Q2
Q5
, Q5)X
i1
1 X
i2
2 , (4.42)
where A(i1,i2)(Qα) = A
(i1,i2)(Q5, Q2/Q5) are
A(1,1)(Qα) = Q2 + 2Q2Q5 + 4Q2Q5(Q2 +Q5) + 6Q2Q5(Q
2
2 + 6Q2Q5 +Q
2
5)
+8Q2Q5(Q
3
2 + 20Q
2
2Q5 + 20Q2Q
2
5 +Q
3
5) + 10Q2Q5(Q
4
2 + 50Q
3
2Q5 + 155Q
2
2Q
2
5 + · · ·) + · · · ,
A(1,2)(Qα) = −Q2 −Q2(Q2 + 2Q5)− 3Q2Q5(2Q2 +Q5)− 5Q2Q5(2Q22 + 6Q2Q5 +Q25)
−7Q2Q5(2Q32 + 21Q22Q5 + 17Q2Q25 +Q35)− 9Q2Q5(2Q42 + 55Q32Q5 + 131Q22Q25 + · · ·) + · · · ,
A(1,3)(Qα) = Q2 +Q2(3Q2 + 2Q5) +Q2(Q
2
2 + 12Q2Q5 + 3Q
2
5) + 4Q2Q5(6Q
2
2 + 10Q2Q5 +Q
2
5)
+3Q2Q5(12Q
3
2 + 75Q
2
2Q5 + 40Q2Q
2
5 + 2Q
3
5) + 8Q2Q5(6Q
4
2 + 104Q
3
2Q5 + 172Q
2
2Q
2
5 + · · ·) + · · · ,
A(2,2)(Qα) = Q2 +Q2(
5
2
Q2 + 2Q5) +Q2(Q
2
2 + 10Q2Q5 + 3Q
2
5) +Q2Q5(20Q
2
2 + 33Q2Q5 + 4Q5)
+3Q2Q5(10Q
3
2 + 59Q
2
2Q5 + 34Q2Q
2
5 + 2Q
3
5) + 2Q2Q5(20Q
4
2 + 321Q
3
2Q5 + 544Q
2
2Q
2
5 + · · ·) + · · · .
These amplitudes agree with the topological vertex calculus with the framing f˜ = −1 in appendix A as
far as we have checked.
Example 1-2: T ∗S3/Z2 [44, 18]
Next we consider the orbifold phase T ∗S3/Z2 of KIF0 considered in [44], and further investigated in [18].
Following [44], we consider a transformation z = (q1q2)
−2, z2 = 1 − q1 of the closed string moduli. In
these new coordinates q1 and q2, by considering the PF operators (3.17),
D2 = q22 {(1 − q1)(θ1 − θ2)− 1} (θ1 − θ2)− θ2(θ2 − 1) , θi := qi
∂
∂qi
,
D5 = q22 {2(1− q1)θ1 − (2− q1)θ2 − 2(1− q1)} {2(1− q1)θ1 − (2 − q1)θ2} − 4θ2(θ2 − 1) ,
we obtain the orbifold mirror maps
s1(q1) = − log(1− q1) ,
s2(qα) =
∞∑
n=0,m=2n+1
(2n)!(2n− 1)!! [(2m− 2n− 3)!!]2
4m+n−1n!2(m− 1)!(m− 2n− 1)!(2n+ 1)!!q
m
1 q
2n+1
2 . (4.43)
From (4.40), we can obtain G(τ) in this orbifold phase by replacing Tz(zα) with s2(qα),
∆0(zα) = (q1q2)
−4
(
(q1q2)
4 − 8(q1q2)2(2− q1) + 16q21
)
=: (q1q2)
−4∆˜0(qα) ,
G(τ) =
1
24
(q1q2)
−4∆˜0(qα)θq2
{
12 log θq2s2(qα)− 12 log q2 + log ∆˜0(qα)
}
, θq2 := q2
∂
∂q2
. (4.44)
The open orbifold mirror map was suggested in [18], and in this case this is given by
X = −q1(s1)−1q2(s1, s2)−1x , (4.45)
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and let us transform the closed string variables s1 and s2 to the Chern-Simons matrix model variables
S1 = (s1 + s2)/4 and S2 = (s1 − s2)/4. Then we obtain the orbifold annulus amplitude Ao(X1, X2) on
T ∗S3/Z2,
Ao(X1, X2) =
∫ x1 ∫ x2
W (0,2)o (x
−1
1 , x
−1
2 )
1
x21x
2
2
=
∑
i1,i2
A(i1,i2)o (Sα)X
i1
1 X
i2
2 , (4.46)
where if i1 + i2 =even (odd), then A
(i1,i2)
o (Sα) are symmetric (antisymmetric) under S1 ↔ S2 as,
A(1,1)o (Sα) = −(S1 + S2) +
1
2
(3S21 + 4S1S2 + 3S
2
2)−
1
6
(7S31 + 15S
2
1S2 + · · ·)
+
1
24
(15S41 + 47S
3
1S2 + 63S
2
1S
2
2 + · · ·)−
1
120
(31S51 + 130S
4
1S2 + 235S
3
1S
2
2 + · · ·) + · · · ,
A(1,2)o (Sα) = −(S1 − S2)
{
1− 7
2
(S1 + S2) +
1
12
(62S21 + 113S1S2 + 62S
2
2)
− 1
24
(115S31 + 316S
2
1S2 + · · ·) +
1
3072
(10035S41 + 37540S
3
1S2 + 55010S
2
1S
2
2 + · · ·)− · · ·
}
,
A(1,3)o (Sα) = −(S1 + S2) +
1
2
(13S21 + 4S1S2 + 13S
2
2)−
1
6
(97S31 + 57S
2
1S2 + · · ·)
+
1
128
(2985S41 + 3724S
3
1S2 + 1478S
2
1S
2
2 + · · ·)−
1
1920
(45571S51 + 93575S
4
1S2 + 52870S
3
1S
2
2 + · · ·) + · · · ,
A(2,2)o (Sα) = −(S1 + S2) + 6(S21 + S22)−
4
3
(11S31 + 3S
2
1S2 + · · ·)
+
1
8
(169S41 + 160S
3
1S2 − 18S21S22 + · · ·)−
1
60
(3 · 431S51 + 5 · 457S41S2 + 13 · 30S31S22 + · · ·) + · · · .
By S1 → −S1 and S2 → −S2, these amplitudes completely agree with the computation of the Wilson
loop in the Chern-Simons theory on S3/Z2 [18].
Example 2: K
dP
(0)
2
r
r r?
?
?
r?
?
r?
r??
?
r? r
?r ??
Figure 3: Fan of
K
dP
(0)
2
: r2, r3 and r5
are the Ka¨hler param-
eters defined in (3.10).
As we see from figure 1, the moduli space of K
dP
(0)
2
(no.5) contains the moduli
spaces of the geometries of no.1, no.2 and no.3. Because the charge vectors of
this geometry are given by
l2 = (−2, 1, 0, 1, 0, 0) , l3 = (−3, 1, 1, 0, 1, 0) , l5 = (−2, 0, 1, 0, 0, 1) ,
after a reparametrization x→ x−1, y → x−2y, we obtain a mirror curve
y2 − (x2 − x+ z)y + zz2x2 − z 32 z3x = 0 ,
σ(x) = (x2 − x+ z)2 − 4z(z2x− z 12 z3)x =
4∏
i=1
(x− si) , (4.47)
which describes the moduli space of the A-brane in figure 3. Note that by taking
a limit z3 = 0, (or z2 = 0, or z2 = z = 0 under fixing to z
3
2 z3), we obtain the
mirror curve which describes the moduli space of the A-brane of no.2, (or no.3,
or no.1) in figure 1. The necessary data to compute G(τ) are
∆(zα) =
4∏
i=1
σ′(si) = 4
4z4z22∆0(zα) ,
∆0(zα) := −27z2z−22 z43 − z
1
2 z−22
{
1− 36z(1 + z2)
}
z33 + z
−2
2
{
1 + z2 − 2z(4 + 23z2 + 4z22)
+8z2(2− 3z2 − 3z22 + 2z32)
}
z23 − z−
1
2 z−12
{
1− 8z(1 + z2) + 16z2(1 − 4z2 + z22)
}
z3
+
{
1− 8z(1 + z2) + 16z2(1− z2)2
}
,
Czzz = − D(zα)
z3∆0(zα)
, D(zα) := −9
8
z
1
2 z−22 z
3
3 + (1 + z2)z
−2
2 z
2
3 −
1
8
(7 + 4z + 4zz2)z
− 12 z−12 z3 + 1 , (4.48)
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where the Yukawa coupling has been obtained in [35]. We can also find b = 1 from (4.47), and a = −4
from the consistency with example 1-1 by z3 = 0. By these data we obtain,
G(τ) = − 1
12D(zα)
∆0(zα)θ {12 log θTz(zα) + 4 log z + log∆0(zα)} . (4.49)
The closed and open mirror maps are given by
Tz(zα) = log z + 2
∞∑
p,q,r≥0
(−1)q(2p+ 3q + 2r − 1)!
p!q!r!(p+ q)!(q + r)!
zp2z
q
3z
p+ 32 q+r , T2(z2) = log z2 , T3(z3) = log z3 ,
(4.50)
and (4.37) respectively. By (4.29), we write in the original variables Q2, Q3 and Q5,
Q2 −→ Q2
Q5
, Q3 −→ Q3
Q
3
2
5
, Qz −→ Q5 .
As a result, we obtain the annulus amplitude
AA(X1, X2) =
∫ x1 ∫ x2
W (0,2)(x−11 , x
−1
2 )
1
x21x
2
2
=
∑
i1,i2
A(i1,i2)(
Q2
Q5
,
Q3
Q
3
2
5
, Q5)X
i1
1 X
i2
2 , (4.51)
where A(i1,i2)(Qα) = A
(i1,i2)(Q2/Q5, Q3/Q
3
2
5 , Q5) are
A(1,1)(Qα) = Q2 −Q3 + 2Q2Q5 − 3Q3Q5 − 3Q2Q3 + 4Q23 + 4Q2Q25 + 4Q22Q5 − 5Q3Q25 + · · · ,
A(1,2)(Qα) = −Q2 +Q3 − 2Q2Q5 + 2Q3Q5 + 4Q2Q3 −Q22 − 3Q23 − 3Q2Q25 − 6Q22Q5 + 4Q3Q25 + · · · ,
A(1,3)(Qα) = Q2 −Q3 + 2Q2Q5 − 2Q3Q5 − 7Q2Q3 + 3Q22 + 4Q23 + 3Q2Q25 + 12Q22Q5 − 3Q3Q25 + · · · ,
A(2,2)(Qα) = Q2 −Q3 + 2Q2Q5 − 2Q3Q5 − 6Q2Q3 + 5
2
Q22 +
7
2
Q23 + 3Q2Q
2
5 + 10Q
2
2Q5 − 3Q3Q25 + · · · .
These amplitudes agree with the topological vertex calculus with the framing f˜ = −1 in appendix A as
far as we have checked. And by taking a limit Q3 = 0, (or Q2 = 0, or Q2 = Q5 = 0), we obtain the
annulus amplitude on KIF0 , (or KIF1 , or KIP2).
Example 3: KIF2
I
II
r?
r?
r ?
r ?
??
Figure 4: Fan of KIF2 :
r0 and r5 are the
Ka¨hler parameters de-
fined in (3.10).
Because the charge vectors of KIF2 are given by
l0 = (0, 1,−2, 1, 0) , l5 = (−2, 0, 1, 0, 1) ,
after a reparametrization x→ x−1, y → x−2y, we obtain a mirror curve of this
variety as (B.10) which corresponds to the open string phase II in figure 4, but
here we use another mirror curve,
y2− (x2−x+ z− 120 z)y+ z2 = 0 , σ(x) = (x2−x+ z−
1
2
0 z)
2− 4z2 =
4∏
i=1
(x− si) ,
(4.52)
which corresponds to the open string phase I in figure 4. The necessary data to
compute G(τ) are
∆(zα) =
4∏
i=1
σ′(si) = 4
4z4∆0(zα) , ∆0(zα) := (1− 4z−
1
2
0 z)
2 − 64z2 ,
Czzz = − 1
z3∆0(zα)
, and a = −4 , b = 1 , so F (zα) = −1
12z3
, (4.53)
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where the Yukawa coupling has been obtained in [35] and a = −4 is fixed by the asymptotic behavior of
the Bergmann kernel (2.13). From this data, by (4.36) we obtain the same form as (4.40),
G(τ) = − 1
12
∆0(zα)θ {12 log θTz(zα) + 4 log z + log∆0(zα)} . (4.54)
The closed and open mirror maps are given by
Tz(zα) = log z + 2
∞∑
m,n≥0, m≥2n
(2m− 1)!
m!n!2(m− 2n)!z
mz
−m2 +n
0 , T0(z0) = log z0 − 2 log
1 +
√
1− 4z0
2
,
(4.55)
and (4.37) respectively. By (4.29), we write in the original variables Q0 and Q5,
Q0 −→ Q0 , Qz −→ Q
1
2
0Q5 .
As a result, we obtain the annulus amplitude
AA(X1, X2) =
∫ x1 ∫ x2
W (0,2)(x−11 , x
−1
2 )
1
x21x
2
2
=
∑
i1,i2
A(i1,i2)(Q0, Q
1
2
0Q5)X
i1
1 X
i2
2 , (4.56)
where A(i1,i2)(Qα) = A
(i1,i2)(Q0, Q
1
2
0Q5) are
A(1,1)(Qα) = 2Q0Q
2
5 + 4Q0Q
3
5 + 6Q0Q
4
5 + 4Q
2
0Q
3
5 + 8Q0Q
5
5 + 36Q
2
0Q
4
5 + 160Q
2
0Q
5
5 + 6Q
3
0Q
4
5 + · · · ,
A(1,2)(Qα) = −Q0Q25 − 3Q0Q35 − 5Q0Q45 − 3Q20Q35 − 7Q0Q55 − 25Q20Q45 − 112Q20Q55 − 5Q30Q45 + · · · ,
A(1,3)(Qα) = Q0Q
2
5 + 2Q0Q
3
5 + 4Q0Q
4
5 + 2Q
2
0Q
3
5 + 6Q0Q
5
5 + 20Q
2
0Q
4
5 + 90Q
2
0Q
5
5 + 4Q
3
0Q
4
5 + · · · ,
A(2,2)(Qα) = Q0Q
2
5 + 2Q0Q
3
5 + 4Q0Q
4
5 + 2Q
2
0Q
3
5 + 6Q0Q
5
5 + 17Q
2
0Q
4
5 + 78Q
2
0Q
5
5 + 4Q
3
0Q
4
5 + · · · .
These amplitudes agree with the topological vertex calculus with the framing f˜ = −1 in appendix A as
far as we have checked.
4.4 The annulus amplitude on C3/Z4 orbifold
Here we consider the orbifold phase C3/Z4 of KIF2 investigated in [40, 13, 42], and predict the open
orbifold Gromov-Witten invariants of C3/Z4.
4 Following [40, 42], let us consider a transformation z0 =
a−23 , z = a
−2
1 of the closed string moduli. In these new coordinates a1 and a3, by considering the PF
operators (3.17),
D0 = θa3 (θa3 − 1)−
1
16
a23 (θa1 + 2θa3)
2 , D5 = a3θa1 (θa1 − 1) +
1
2
a21θa1θa3 , θai := ai
∂
∂ai
,
we obtain the orbifold mirror maps5
s1/2(a3) =
∞∑
k=0
[(2k − 1)!!]2
4k(2k + 1)!
a2k+13 , (4.57)
s1/4(aα) =
∞∑
m,k=0
[
(4m− 1)!!Γ(k +m+ 14 )2
22m(4m+ 1)!(2k)!Γ(14 )
2
a4m+11 a
2k
3 −
(4m+ 1)!!Γ(k +m+ 54 )
2
22m+1(4m+ 3)!(2k + 1)!Γ(14 )
2
a4m+31 a
2k+1
3
]
.
4In [40](version 4), by using the remodeling approach summarized in section 2 and discussing modularity of the topological
string amplitudes, the genus two closed string amplitude on C3/Z4 was computed. In this computation, the open obifold
amplitudes F
(0,2)
o , F
(1,1)
o , F
(0,3)
o , F
(1,2)
o and F
(2,1)
o are also computed, and I was informed from Andrea Brini that these
results will appear in the near future in [45] with the localization calculus by Renzo Cavalieri. My computation of F
(0,2)
o = Ao
completely agrees with the parallel computation by A. Brini.
5We can define a weight such that a1 (a3) has weight 1/4 (1/2) with respect to the Z4 (Z2) action with weights (1, 1, 2).
Then the following mirror map s1/4 (s1/2) also has weight 1/4 (1/2). Note that s1/4 and s1/2 respectively correspond to
the blow up mode of the crepant partial resolution of C3/Z4 and the crepant resolution of the canonical bundle KIP(1,1,2)
[13] as discussed for C3/Z3 in [43, 18, 22].
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From (4.54), we can obtain G(τ) in this orbifold phase replacing Tz(zα) with s1/4(aα),
∆0(zα) = −64a−41
(
1− 1
64
(a21 − 4a3)2
)
=: −64a−41 ∆˜0(aα) ,
G(τ) = −8
3
a−41 ∆˜0(aα)θa1
{
12 log θa1s1/4(aα)− 12 log a1 + log ∆˜0(aα)
}
, θa1 := a1
∂
∂a1
. (4.58)
As in example 1-2, the open orbifold mirror map is given by
X = −a1(s1/2, s1/4)−1x , (4.59)
with weight −1/4. Here we can compute the orbifold annulus amplitude Ao(X1, X2) on C3/Z4,
Ao(X1, X2) =
∫ x1 ∫ x2
W (0,2)o (x
−1
1 , x
−1
2 )
1
x21x
2
2
=
∑
i1,i2
A(i1,i2)o (s1/2, s1/4)X
i1
1 X
i2
2 , (4.60)
where becauseAo(X1, X2) is the Z2 and Z4 monodromy invariant quantity, A
(i1,i2)
o (sα) = A
(i1,i2)
o (s1/2, s1/4)
must have weight (i1 + i2)/4. Concretely we obtain
A(1,1)o (sα) =
(
−1
4
s1/2 +
1
32
s31/2
3!
− 1
64
s51/2
5!
+ · · ·
)
+
(
1
8
+
3
256
s41/2
4!
+
5
128
s61/2
6!
+ · · ·
)
s21/4
2!
+
(
− 1
128
s1/2 − 3
128
s31/2
3!
− 201
2048
s51/2
5!
+ · · ·
)
s41/4
4!
+
(
3
128
+
35
512
s21/2
2!
+
21
64
s41/2
4!
+ · · ·
)
s61/4
6!
+ · · · ,
A(1,2)o (sα) =
(
1
8
s1/2 − 5
128
s31/2
3!
+
21
2048
s51/2
5!
+ · · ·
)
s1/4 +
(
− 3
16
+
5
256
s21/2
2!
− 35
4096
s41/2
4!
+ · · ·
)
s31/4
3!
+
(
−3
512
s1/2 +
255
8192
s31/2
3!
+
15737
131072
s51/2
5!
+ · · ·
)
s51/4
5!
−
(
21
1024
+
2505
16384
s21/2
2!
+
189045
262144
s41/2
4!
+ · · ·
)
s71/4
7!
+ · · · ,
A(1,3)o (sα) =
(
1
3
+
1
6
s21/2
2!
− 1
8
s41/2
4!
+ · · ·
)
+
(
− 5
24
s1/2 +
3
32
s31/2
3!
− 15
256
s51/2
5!
+ · · ·
)
s21/4
2!
+
(
1
2
− 19
192
s21/2
2!
+
7
128
s41/2
4!
+ · · ·
)
s41/4
4!
+ · · · ,
A(2,2)o (sα) =
1
2
+
(
−1
8
s1/2 +
1
16
s31/2
3!
− 7
256
s51/2
5!
+ · · ·
)
s21/4
2!
+
(
3
8
− 5
64
s21/2
2!
+
5
256
s41/2
4!
+ · · ·
)
s41/4
4!
+ · · · .
These amplitudes give physical predictions of the open orbifold Gromov-Witten invariants of C3/Z4.
5 Higher amplitudes
Here let us consider the higher amplitudes F (1,1) and F (0,3). From (2.3), W (1,1)(p) is given by
W (1,1)(p) =
∑
qi
Res
q=qi
dEq,q¯(p)
ω(q)− ω(q¯)B(q, q¯) , (5.1)
and therefore we must estimate dEq,q¯(p), ω(q) and B(q, q¯) around the ramification points q = qi or s = si
by a projected coordinate s(q) = s(q¯). Let us expand these quantities around t2 = s− si = 0 as follows ;
B(q, q¯) = −1
4
(
G(τ)
σ(s)
− σ
′′(s)
3σ(s)
+
σ′(s)2
4σ(s)2
)
dsds
≃ −
{
1
4t2
+
(
G(τ)
σ′(si)
− σ
′′(si)
12σ′(si)
)
+O(t2)
}
dtdt , (5.2)
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dEq,q¯(p) ≃ − dx√
σ(x)
t√
σ′(si)
{(
1
2
G(τ) +
f(x, si)
(x− si)2
)
+
t2
6
(
− σ
′′(si)
4σ′(si)
G(τ) − σ
′′(si)f(x, si)
2σ′(xi)(x− si)2 +
2∂sf(x, si)
(x− si)2 +
4f(x, si)
(x− si)3
)
+O(t4)
}
, (5.3)
ω(q)− ω(q¯) ≃ 4t
2
√
σ′(si)
(t2 + si) f(si)
dt
{
1 + t2
(
σ′′(si)
4σ′(si)
− f
′(si)
f(si)
+
σ′(si)
3f(si)2
)
+O(t4)
}
. (5.4)
By these expansion we obtain the one-holed torus amplitude by the projected coordinate x(p) = x(p¯),
W (1,1)(x) =
dx
8
√
σ(x)
∑
si
{
h(si)
σ′(si)2
G(τ)2 +
(
2h(si)f(x, si)
(x− si)2σ′(si)2 −
h(si)σ
′′(si)
6σ′(si)2
− si
12f(si)
)
G(τ) (5.5)
+
(
h(si)f(x, si)
3(x− si)3σ′(si) +
3h′(si)f(x, si) + h(si)∂sf(x, si)
6(x− si)2σ′(si) −
h(si)σ
′′(si)f(x, si)
3(x− si)2σ′(si)2 −
sif(x, si)
6(x− si)2f(si)
)}
,
where we defined h(x) = xf(x). By the same way, we can obtain W (0,3)(x1, x2, x3) as follows,
W (0,3)(x1, x2, x3) = 2
∑
qi
Res
q=qi
dEq,q¯(p1)
ω(q)− ω(q¯)B(p2, q)B(p3, q¯)
=
dx1dx2dx3
16
√
σ(x1)σ(x2)σ(x3)
∑
si
h(si)
σ′(si)2
{
G(τ)3 + 2
(
f(x1, si)
(x1 − si)2 + cyclic
)
G(τ)2
+4
(
f(x1, si)f(x2, si)
(x1 − si)2(x2 − si)2 + cyclic
)
G(τ) +
8f(x1, si)f(x2, si)f(x3, si)
(x1 − si)2(x2 − si)2(x3 − si)2
}
. (5.6)
In appendix D we compute the one-holed torus amplitudes F (1,1) on KIF0 and KIF2 on the mirror side,
and we see (2.16) explicitly. In appendix E we compute the one-holed torus amplitudes F (1,1) and genus
zero, three-hole amplitudes F (0,3) on KIF2 and its orbifold phase C
3/Z4.
6 Conclusion
In this paper we have studied the topological strings on the large class of local toric del Pezzo surfaces
described in section 4 by the remodeling approach of [18], and as the extension of the result proved in the
case of KIP2 in [22], we proved the functional formula (4.6) written by the period to obtain the annulus
amplitudes on these geometries. Based on this formula, we computed the annulus amplitudes on KIF0 ,
K
dP
(0)
2
, KIF2 and their orbifold phase T
∗S3/Z2, C
3/Z4. The annulus amplitude on C
3/Z4 gives physical
predictions of the open orbifold Gromov-Witten invariants, and further computation will be summarized
in appendix E. It is interesting to discuss generalizations of the formula (2.13) and (4.6) as follows ;
• This formula is not applicable for the local toric surfaces described by the dashed lines in figure
1, because these mirror curves cannot be written in the form (2.6). We want to know more universal
formula for genus one mirror curves, so we should discuss how to overcome this problem.
• When we consider ladder diagrams constructed from local IFm as [9], the genus of these mirror
curves is larger than one, so we need the Bergman kernel for spectral curves with g¯ ≥ 2. We do not know
this explicit form, but it is interesting to consider a generalization of (2.13) and (4.6) for these geometries.
These generalizations should be useful to understand the BKMP conjecture (3.13) and the structure
of the local B-model geometry with open string moduli.
Via geometric engineering [7], the local toric surfaces in figure 1 are related to the Seiberg-Witten
geometries of supersymmetric SU(2) gauge theory on R4×S1 with or without several fundamental hyper-
multiplets. It is also interesting to discuss relations between phase (or moduli) spaces of these geometries,
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i.e. the local B-model geometry [41, 42] versus the Seiberg-Witten geometry [46, 47].
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A Topological vertex calculus (or the calculus on the A-side)
In this appendix, we summarize how to compute F (g,h)A of (3.5) by the topological vertex [14, 31]. Based
on the fact that there is the one to one correspondence between the representation space of U(∞) and
the representation space of symmetric group
∑∞
d=1 Sd or the Young diagram, let us rewrite (3.5) by the
Frobenius’s character formula
TrRV =
∑
~k
1
z~k
χR(C(~k))Υ~k(V ) , z~k :=
∏
j
kj !j
kj , Υ~k(V ) :=
∏(
TrV j
)kj
, (A.1)
where ~k = (k1, k2, · · ·) which ki is the number of i included in ~ω is the winding base, and χR(C(~k)) is the
character with respect to the conjugation class C(~k). Via the winding base, (3.5) is rewritten as
F(V ) =
∞∑
g=0
∑
~k
1∏
kj !
g2g−2+hs F~k,g(Q)Υ~k(V ) (A.2)
=
∑
R
FR(gs, Q)TrRV = log
{
1 +
1
Z(gs, Q)
∑
R 6=•
ZR(gs, Q)TrRV
}
, (A.3)
where • represents the trivial representation of U(∞) and Z(gs, Q) = Z•(gs, Q). Here ZR(gs, Q) can be
computed by the topological vertex, and therefore by (A.1), we can compute F (g,h)A . For example, by the
box expansion of (A.3) we obtain
FhA(Xi;Q) :=
∞∑
g=0
g2g−2+hs F (g,h)A (X1, · · · , Xh;Q) ,
F1A(X1;Q) =
1
Z
Z X1 +
1
2Z
[
Z − Z
]
X21 +
1
3Z
[
Z − Z + Z
]
X31
+
1
4Z
[
Z − Z + Z − Z
]
X41 + · · · ,
F2A(Xi;Q) =
[ 1
Z
(Z + Z )− 1
Z2
Z2
]
X1X2 +
1
2
[ 1
Z
(Z − Z )− 1
Z2
Z (Z − Z )
]
(X1X
2
2 +X
2
1X2)
+
1
3
[ 1
Z
(Z − Z + Z )− 1
Z2
Z (Z − Z + Z )
]
(X1X
3
2 +X
3
1X2)
+
1
4
[ 1
Z
(Z − Z + 2Z − Z + Z )− 1
Z2
(Z − Z )2
]
X21X
2
2 + · · · ,
F3A(Xi;Q) =
[ 1
Z
(Z + 2Z + Z )− 3
Z2
Z (Z + Z ) +
2
Z3
Z3
]
X1X2X3
+
1
2
[ 1
Z
(Z + Z − Z − Z )− 1
Z2
(Z2 − Z2 + 2Z (Z − Z ))
+
2
Z3
Z2 (Z − Z )
]
(X1X2X
2
3 + cyclic) + · · · .
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In this way, we can compute the A-model amplitudes F (g,h)A for an arbitrary local toric Calabi-Yau
threefold with an A-brane. If we want to consider the framing ambiguity f˜ ∈ Z, by6
ZR(gs, Q) −→ q efκR/2ZR(gs, Q) , q = egs , κR = 2
∑
(i,j)∈µR
(j − i) , (A.4)
we obtain the A-model amplitudes with the framing f˜ .
B Torus amplitudes on local toric del Pezzo surfaces
In this appendix, we discuss the torus (g = 1, h = 0) amplitudes [17] for 11 local toric surfaces considered
in section 4. In the context of the Hermitian one-matrix model, Akemann explicitly wrote down the torus
amplitude F (1,0) by solving the loop equation under two-cut ansatz [29] (see [48] for multi-cut solution).
For the mirror curve (4.34) of KdP5 ,
σ(x) =
1
1− 4z0
{
(x2 − x+ z− 120 z)2 − 4
(
z0x
4 +
4∑
α=1
z
α
2 z
1−α2
0 zα(−x)4−α
)}
=
4∏
i=1
(x− si) , (B.1)
let us use the formula
F (1,0) = −1
2
logω1 − 1
24
log |M1M2M3M4| − 1
12
log |∆(zα)| , ω1 = 2i
π
K(k)√
(s1 − s3)(s2 − s4)
, (B.2)
M(x) =
1
x
√
σ(x)
tanh−1
[
(1 − 4z0) 12
√
σ(x)
x2 − x+ z− 120 z
]
, Mi =
(1− 4z0) 12
si(s2i − si + z−
1
2
0 z)
, (B.3)
where ∆(zα) =
∏
i<j(si− sj)2 is the discriminant of the curve (B.1), and Mi =M(si) are called the first
moments in the context of the matrix model. From (4.33), we get
ω1 = i(1− 4z0) 12 θTz(zα) , (B.4)
therefore we obtain
F (1,0) = −1
2
log θTz(zα)− 1
24
log
z0(1 − 4z0)9∆(zα)2
z2(1− 4z4)
4∏
i=1
1
s2i − si + z−
1
2
0 z
=: −1
2
log θTz(zα)− 1
24
log f (1,0) ,
(B.5)
where f (1,0) is corresponding to a holomorphic ambiguity of the BCOV holomorphic anomaly equation
[2, 23]. Though solutions to the BCOV holomorphic anomaly equation are non-holomorphic quantities,
but by taking the holomorphic limit, we can obtain holomorphic quantities, especially as the torus
amplitude [24],
F (1,0)B = −
1
2
log det (θαTβ) + log∆discrim , θα := zα
∂
∂zα
, (B.6)
in the case of local toric Calabi-Yau threefold. Where ∆discrim is the holomorphic ambiguity given by
a combination of the discriminant of the characteristic variety obtained from the PF equations (3.17).
In order to obtain solutions to the BCOV holomorphic anomaly equation, we must fix the holomorphic
ambiguity such as ∆discrim by considering appropriate boundary conditions which are called the gap
conditions [49, 50]. Whereas the first term of (B.6) is computed via the PF equations (3.17). In the case
of KdP5, from (4.35) we obtain
Jac(zα) : = det (θαTβ) =
∑
σ∈S6
sgn(σ)θ0Tσ(0)θ1Tσ(1)θ2Tσ(2)θ3Tσ(3)θ4Tσ(4)θ5Tσ(5)
= (1− 4z0)−
1
2 θTz(zα) . (B.7)
6µR is the Young diagram corresponding to the representation R.
We can see that ω1 of (B.2) is surely corresponding to Jac(zα). In the rest of this appendix we compute
the genus one A-model amplitudes F (1,0)A on KIF0 , KIF1 and KIF2 (corresponding to no.2, no.3 and no.4 of
figure 1 in section 1) based on (B.5) and the BKMP conjecture (3.13). A mirror curve of these varieties
and the discriminant are given by
KIF0 : y
2 − (x2 − x+ z)y + zz2x2 = 0 , σ(x) = (x2 − x+ z)2 − 4zz2x2 , (B.8)
∆(zα) = 256z
4z22∆0(zα) , ∆0(zα) := 1− 8z(1 + z2) + 16z2(1 − z2)2 ,
KIF1 : y
2 − (x2 − x+ z)y − z 12 z1x3 = 0 , σ(x) = (x2 − x+ z)2 + 4z 12 z1x3 , (B.9)
∆(zα) = 256z
4z21∆0(zα) , ∆0(zα) := (1− 4z)2 − z
1
2 z1(1− 36z + 27z 32 z1) ,
KIF2 : y
2 − (x2 − x+ z− 120 z)y + z0x4 = 0 , σ(x) =
1
1− 4z0
{
(x2 − x+ z− 120 z)2 − 4z0x4
}
, (B.10)
∆(zα) =
256z4∆0(zα)
(1− 4z0)6 , ∆0(zα) := (1− 4z
−12
0 z)
2 − 64z2 .
Here we can easily compute f (1,0) of (B.5) as
KIF0 : f
(1,0) = 46z2z22∆0(zα)
2 , (B.11)
KIF1 : f
(1,0) = 46z2z21∆0(zα)
2 , (B.12)
KIF2 : f
(1,0) =
46z0z
2∆0(zα)
2
1− 4z0 , (B.13)
and from (4.35) the mirror maps are given by
KIF0 : Tz(zα) = log z + 2
∞∑
m,n≥0
(2m+ 2n− 1)!
m!2n!2
zm+nzn2 , T2(z2) = log z2 , (B.14)
KIF1 : Tz(zα) = log z + 2
∞∑
m,n≥0, m≥n
(−1)n(2m+ n− 1)!
m!n!2(m− n)! z
m+n2 zn1 , T1(z1) = log z1 , (B.15)
KIF2 : Tz(zα) = log z + 2
∞∑
m,n≥0, m≥2n
(2m− 1)!
m!n!2(m− 2n)!z
mz
−m2 +n
0 , T0(z0) = log
1−√1− 4z0
1 +
√
1− 4z0 . (B.16)
From these we obtain the genus one A-model amplitude F (1,0)A from (B.5), and by a change of variables
of (4.29) as Qz → Q5, Q2 → Q2/Q5 for KIF0 , Qz → Q5, Q1 → Q1/Q1/25 for KIF1 and Qz → Q1/20 Q5,
Q0 → Q0 for KIF2 , we obtain F (1,0)A in the original variables as follows ;
KIF0 : F (1,0)A = −
1
2
log θTz(zα)− 1
12
log zz2∆0(zα)
= − 1
12
logQ2 −
(
1
6
Q5 +
1
12
Q25 +
1
18
Q35 + · · ·
)
−
(
1
6
+
1
3
Q5 +
1
2
Q25 +
2
3
Q35 + · · ·
)
Q2
−
(
1
12
+
1
2
Q5 − 37
6
Q25 −
353
6
Q35 + · · ·
)
Q22 −
(
1
18
+
2
3
Q5 − 353
6
Q25 −
8576
9
Q35 + · · ·
)
Q32 + · · ·
= − 1
12
logQ2 +
1
6
log(1−Q5) + 1
6
∞∑
n=1
Qn2
n(1−Q5)4nH
(0)
n (Q5) , (B.17)
KIF1 : F (1,0)A = −
1
2
log θTz(zα)− 1
12
log zz1∆0(zα)
= − 1
12
logQ1Q
1
2
5 −
(
1
6
Q5 +
1
12
Q25 +
1
18
Q35 + · · ·
)
+
(
1
12
+
1
4
Q5 +
7
12
Q35 +
3
4
Q45 + · · ·
)
Q1
+
(
1
24
− 3
8
Q25 +
19
3
Q35 +
1417
24
Q45 + · · ·
)
Q21 +
(
1
36
− 23
3
Q35 −
1585
6
Q45 + · · ·
)
Q31 + · · ·
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= − 1
12
logQ1Q
1
2
5 +
1
6
log(1−Q5) + 1
6
∞∑
n=1
Qn1
n(1−Q5)4nH
(1)
n (Q5) , (B.18)
KIF2 : F (1,0)A = −
1
2
log θTz(zα) +
1
24
log(1− 4z0)− 1
12
log z
1
2
0 z∆0(zα)
= − 1
12
logQ0Q5 −
(
1
6
Q5 +
1
12
Q25 +
1
18
Q35 + · · ·
)
−
(
1
12
+
1
6
Q5 +
1
3
Q25 +
1
2
Q35 + · · ·
)
Q0
−
(
1
24
+
1
12
Q25 +
1
2
Q35 −
37
6
Q45 + · · ·
)
Q20 −
(
1
36
+
1
18
Q35 +
2
3
Q45 −
353
6
Q55 + · · ·
)
Q30 + · · ·
= − 1
12
logQ0Q5 +
1
6
log(1−Q5) + 1
6
∞∑
n=1
Qn0
n(1−Q5)4nH
(2)
n (Q5) , (B.19)
where H
(0)
n (x), H
(1)
n (x) and H
(2)
n (x) are polynomials of degree 2n, 3n and 4n respectively. These poly-
nomials have the following symmetric forms,
H
(0)
1 (x) = 1− 2x+ x2 ,
H
(0)
2 (x) = 1− 2x− 94x2 − 2x3 + x4 ,
H
(0)
3 (x) = 1− 1137x2 − 3872x3 − 1137x4 + x6 ,
H
(0)
4 (x) = 1 + 4x− 6818x2 − 72168x3 − 158262x4 + symmetric , · · · ,
H
(1)
1 (x) =
1
2
− 1
2
x− 1
2
x2 +
1
2
x3 ,
H
(1)
2 (x) =
1
2
− 4x+ 19
2
x2 + 84x3 +
19
2
x4 − 4x5 + 1
2
x6 ,
H
(1)
3 (x) =
1
2
− 6x+ 33x2 − 248x3 − 5703
2
x4 − 5703
2
x5 − 248x6 + 33x7 − 6x8 + 1
2
x9 ,
H
(1)
4 (x) =
1
2
− 8x+ 60x2 − 280x3 + 12131
2
x4 + 76868x5 + 150812x6 + symmetric , · · · ,
H
(2)
1 (x) =
1
2
− x+ x2 − x3 + 1
2
x4 ,
H
(2)
2 (x) =
1
2
− 4x+ 15x2 − 30x3 − 59x4 − 30x5 + 15x6 − 4x7 + 1
2
x8 ,
H
(2)
3 (x) =
1
2
− 6x2 + 33x2 − 109x3 + 495
2
x4 − 1533x5 − 3410x6 + symmetric ,
H
(2)
4 (x) =
1
2
− 8x+ 60x2 − 280x3 + 911x4 − 2180x5 − 2814x6 − 77888x7 − 151827x8 + symmetric , · · · .
These amplitudes completely agree with the topological vertex calculus as far as we have checked, and
satisfy |H(0)n (1)| = |H(1)n (1)| = |H(2)n (1)| expected from the geometric engineering limit [7, 51].
C Framing ambiguity
In this appendix, we give a relation of the open flat coordinate between an open string phase I and
another open string phase II [18]. This is summarized in the following diagram.
Phase I Phase II
A: (X,Y (X))
fA−→ (X˜, Y˜ (X˜))
g1 ←− g2 L9
9
B: (x, y(x))
fB−→ (x˜, y˜(x˜))
Where fA, fB denote the open string phase transition given by (4.5), and g1, g2 denote the open string
mirror map given by (3.16). Now as the phase I, we take a zero framing phase as considered in section
22
4, then we can write g1 explicitly in the form
g−11 : X = e
∆ux , Y = y . (C.1)
Therefore from the above diagram, we can get the open mirror map g2 in the phase II. For example, let
us consider a phase with the framing f ∈ Z as the phase II,
fA : Xf := X˜ = XY
f , Yf := Y˜ = Y , (C.2)
fB : xf := x˜ = xy
f , yf := y˜ = y . (C.3)
As a result, we obtain
g−12 = fA ◦ g−11 ◦ f−1B : Xf = XY f = e∆uxyf = e∆uxf , Yf = Y = y = yf . (C.4)
This has the same form as (C.1). As an example, let us consider KIF2 in subsection 4.3. By taking into
account the inverse reparametrization x → x−1, y → x−2y in the reparametrized mirror curve (4.52),
the open string modulus (xf , yf (xf )) in this framing phase is obtained by
x = x−1f y
f
f , y = x
−2
f y
2f+1
f , (C.5)
and therefore (4.52) is converted to
y4f+2f − y4f+1f + xfy3f+1f − z
− 12
0 zx
2
fy
2f+1
f + z
2x4f = 0 , (C.6)
yf = 1− xf − (f − z−
1
2
0 z)x
2
f −
f
2
(3f − 6z−120 z + 1)x3f + · · · . (C.7)
From (C.5) we obtain x = x(xf ), and because the Bergman kernel does not depend on a particular
reparametrization of the mirror curve as noticed in (4.3), the annulus amplitude with the framing f is
easily obtained from
AA(Xf,1, Xf,2) =
∫ xf,1 ∫ xf,2
B (x1(xf,1), x2(xf,2))− dxf,1dxf,2
(xf,1 − xf,2)2 . (C.8)
In appendix E we compute the disk and annulus amplitudes on KIF2 and C
3/Z4 with the framing f .
D Summary of the higher B-model amplitudes F (1,1)
When we compute the higher amplitudes, we must consider a summation over ramification points as (5.5)
and (5.6). This is carried out by the Cauchy’s residue formula. As an example, we compute∑
si
h(si)
σ′(si)2
. (D.1)
For this purpose, let us define σ˜(x; si) as
σ(x) =
4∏
i=1
(x− si) = (x− si)
∏
j 6=i
(x− sj) =: (x− si)σ˜(x; si) , (D.2)
σ˜(x; si) = x
3 − S1(si)x2 + S2(si)x− S3(si) ,
S1(si) = S1 − si , S2(si) = S2 − S1(si)si , S3(si) = S3 − S2(si)si .
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The discriminant ∆ of σ(x) and the discriminant ∆(si) of σ˜(x; si) are related as
∆ =
4∏
i=1
σ′(si) = σ
′(si)
∏
j 6=i
σ′(sj) = σ
′(si)
∏
j 6=i
(sj−si)σ˜′(sj ; si) = σ′(si)2·(−1)
∏
j 6=i
σ˜′(sj ; si) = σ
′(si)
2∆(si) .
(D.3)
By this relation we can compute (D.1) ;∑
si
h(si)
σ′(si)2
=
1
∆
∑
si
h(si)∆(si)σ
′(si)
σ′(si)
=
1
∆
∮
C
dx
2πi
h(x)∆(x)σ′(x)
σ(x)
=
1
∆
∮
0
dx
2πi
h(x−1)∆(x−1)σ′(x−1)
σ(x−1)
1
x2
,
where C denotes a contour around the branch points. In this way we can compute (5.5) and (5.6). For
examples of subsection 4.3, we obtain the one-holed torus amplitude (5.5) as follows ;
Example 1: KIF0
We use the mirror curve (4.38). The one-holed torus amplitude is
W (1,1)(x) = − 32z
4z22dx√
σ(x)∆(zα)
(
2G(τ)2 + f
(1,1)
1 (x)G(τ) + f
(1,1)
0 (x)
)
, (D.4)
f
(1,1)
1 (x) = −
x(x2 − x+ z)
σ(x)
∆0(zα) , ∆0(zα) = 1− 8z(1 + z2) + 16z2(1− z2)2 ,
f
(1,1)
0 (x) =
1
9σ(x)2
[{
1− 8z(1 + z2) + 16z2(1− 4z2 + z22)
}
x8 − 4 {1− z(8 + 5z2)
+8z2(2 − 11z2 − z22) + 48z3z2(1− z2)2
}
x7 + 2
{
3− 2z(11 + 17z2) + 32z2(1− 2z2)2
+32z3(1− 9z2 + 15z22 − 5z32)
}
x6 − 4{1− z(5 + 18z2)− z2(8 + 35z2 − 120z22)
+8z3(6 − 17z2 + 65z22 − 44z32)− 48z4z2(9− 8z2)(1 − z2)2
}
x5 + {1 + 4z(1− 4z2)
−2z2(37 + 140z2 − 48z22) + 16z3(9 + 33z2 + 128z22 − 16z32)
+32z4(3− 104z2 + 211z22 − 124z32 + 8z42)
}
x4 − 4z {1− z(5 + 18z2)− z2(8 + 35z2 − 120z22)
+8z3(6 − 17z2 + 65z22 − 44z32)− 48z4z2(9− 8z2)(1 − z2)2
}
x3 + 2z2 {3− 2z(11 + 17z2)
+32z2(1− 2z2)2 + 32z3(1− 9z2 + 15z22 − 5z32)
}
x2 − 4z3 {1− z(8 + 5z2)
+8z2(2 − 11z2 − z22) + 48z3z2(1− z2)2
}
x+ z4
{
1− 8z(1 + z2) + 16z2(1 − 4z2 + z22)
}]
.
Example 3: KIF2
We use the mirror curve (4.52). The one-holed torus amplitude is
W (1,1)(x) = − 32z
4dx√
σ(x)∆(zα)
(
2G(τ)2 + f
(1,1)
1 (x)G(τ) + f
(1,1)
0 (x)
)
, (D.5)
f
(1,1)
1 (x) = −
z4x(x2 − x+ z− 120 z)
σ(x)
∆0(zα) , ∆0(zα) = (1− 4z−
1
2
0 z)
2 − 64z2 ,
f
(1,1)
0 (x) =
z4
9σ(x)2
[{
(1− 4z− 120 z)2 − 96z2
}
x8 − 4{(1− 4z−120 z)2 − 96z2}x7 + 2{3− 22z−120 z
+32z−10 z
2(1 − 9z0) + 32z−
3
2
0 z
3(1− 6z0)
}
x6 − 4{1− 5z− 120 z − 8z−10 z2(1 + 9z0)
+48z
−32
0 z
3(1 − 10z0) + 384z−10 z4(1− 4z0)
}
x5 +
{
1 + 4z
−12
0 − 2z−10 z2(37− 44z0)
+16z
−32
0 z
3(9 − 164z0) + 32z−20 z4(3 + 74z0 − 360z20)
}
x4 − 4z− 120 z
{
1− z− 120 z(5− 29z0)
−4z−10 z2(2 + 79z0) + 16z−
3
2
0 z
3(3 + 5z0 − 108z20) + 192z−10 z4(1− 4z0)
}
x3 + 2z−10 z
2
{
3 + 14z0
−2z−120 z(11 + 48z0) + 32z−10 z2(1− 6z0 − 24z20) + 32z−
3
2
0 z
3(1 − 4z0)(1 + 6z0)
}
x2
−4z−320 z3
{
1 + 5z0 − 4z−
1
2
0 z(2 + 13z0 − 12z20) + 16z−10 z2(1− 4z0)(1 + 9z0)
−192z−320 z3(1− 4z0)2
}
x+ z−20 z
4(1 − 4z0)
{
(1− 4z− 120 z)2 − 96z2
}]
.
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In appendix E, we will compute the A-model amplitues F (1,1) and F (0,3) on KIF2 and C
3/Z4.
E Topological open string amplitudes on KIF2 and C
3/Z4
In this appendix, we summarize the results of the topological open string amplitudes on KIF2 and C
3/Z4.
Let us collect the necessary data for these computation. We use the mirror curve (4.52),
y2 − (x2 − x+ z− 120 z)y + z2 = 0 , σ(x) = (x2 − x+ z−
1
2
0 z)
2 − 4z2 =
4∏
i=1
(x− si) , (E.1)
and from (4.55) the closed mirror maps are given by
T 0 = log z0 − 2 log 1 +
√
1− 4z0
2
, Tz = log z + 2
∞∑
m,n≥0, m≥2n
(2m− 1)!
m!n!2(m− 2n)!z
mz
−m2 +n
0 , (E.2)
where we must reparametrize the variables as (4.29) and (4.30),
T 0 = T0 , Tz = T5 +
1
2
T0 , (E.3)
z0 = z0 , z = z
1
2
0 z5 . (E.4)
Furthermore we consider the framing ambiguity by (C.5) and (C.7),
x = x−1f y
f
f , yf = 1− xf − (f − z
− 12
0 z)x
2
f −
f
2
(3f − 6z− 120 z + 1)x3f + · · · , (E.5)
and the open mirror map is given by the same form as (4.37),
Xf = −
(
z
Qz
) 1
2
xf . (E.6)
Let us compute the open string amplitudes on KIF2 . The disk amplitude F
(0,1) is obtained from the
Abel-Jacobi map as follows [32] ;
F (0,1) =
∫ xf
log yf
dxf
xf
=
{
1 +Q5(1 +Q0) + 3Q0Q
2
5 + 5Q0Q
3
5 + 7Q0Q
4
5 + 5Q
2
0Q
3
5 + 9Q0Q
5
5 + 35Q
2
0Q
4
5 + · · ·
}
Xf
−
{1
4
(2f + 1) + fQ5(1 +Q0) +
1
4
(2f + 1)Q25 + 2(2f + 1)Q0Q
2
5 +
1
4
(2f + 1)Q20Q
2
5 + · · ·
}
X2f
+
{ 1
18
(3f + 1)(3f + 2) +
f
2
(3f + 1)Q5(1 +Q5 +Q0) +
1
2
(3f + 1)(5f + 2)Q0Q
2
5 + · · ·
}
X3f
−
{ 1
48
(2f + 1)(4f + 1)(4f + 3) +
f
3
(2f + 1)(4f + 1)Q5(1 +Q0) +
f
4
(4f + 1)2Q25 + · · ·
}
X4f + · · · .
The annulus amplitude F (0,2) is obtained from (2.13) and (4.54) as follows ;
F (0,2) =
∫ xf,1 ∫ xf,2
B (x1(xf,1), x2(xf,2))− dxf,1dxf,2
(xf,1 − xf,2)2
=
{f
2
(f + 1) + f2Q5(1 +Q0) +
f
2
(f + 1)Q25(1 +Q
2
0) + 2(2f
2 + 2f + 1)Q0Q
2
5(1 + 2Q5 + 2Q0Q5)
+6(2f2 + 2f + 1)Q0Q
4
5(1 +
4
3
Q5 +Q
2
0) +
9
2
(11f2 + 11f + 8)Q20Q
4
5 + · · ·
}
Xf,1Xf,2
−(2f + 1)
{f
3
(f + 1) + f2Q5(1 +Q0 +Q5) + (5f
2 + 3f + 1)Q0Q
2
5 +
f
3
(f + 1)Q35 + f
2Q20Q
2
5
25
+3(4f2 + 3f + 1)Q0Q
3
5(1 +Q0) +
f
3
(f + 1)Q30Q
3
5 + 5(4f
2 + 3f + 1)Q0Q
4
5(1 +Q
2
0) + · · ·
}
X2f,1Xf,2
+(3f + 1)
{f
8
(f + 1)(3f + 2) +
f2
2
(3f + 2)Q5(1 +Q0) +
3f2
4
(3f + 1)Q25 + (9f
3 + 9f2 + 4f + 1)Q0Q
2
5
+
f2
4
Q25
(
3(3f + 1)Q20 + 2(3f + 2)Q5
)
+
1
2
(51f3 + 58f2 + 24f + 4)Q0Q
3
5(1 +Q0) + · · ·
}
X3f,1Xf,2
+(2f + 1)
{f
4
(f + 1)(2f + 1) + f2(2f + 1)Q5(1 +Q0) +
f2
2
(6f + 1)Q25 + (2f + 1)(6f
2 + 2f + 1)Q0Q
2
5
+
f2
2
Q25
(
(6f + 1)Q20 + 2(2f + 1)Q5
)
+ (2f + 1)(17f2 + 8f + 2)Q0Q
3
5(1 +Q0) + · · ·
}
X2f,1X
2
f,2 + · · · .
These results completely agree with the topological vertex calculus in appendix A by
f = −f˜ − 1 , (E.7)
as far as we have checked. Next we compute the higher amplitudes F (1,1) from (D.5) and F (0,3) from
(5.6). Because the higher amplitudes depend on the positions of the ramification points qi of the mirror
curve as seen from (2.3), we cannot compute the framed amplitudes by the reparametrization (4.5) of the
open string moduli for (D.5) and (5.6). So here we only compute the zero-framing amplitudes as follows7
;
F (1,1) =
∫ x
W (1,1)(x−1)
−1
x2
= − 1
24
(
1 +Q5 +Q0Q5 + 3Q0Q
2
5 + 5Q0Q
3
5 + 7Q0Q
4
5 + 5Q
2
0Q
3
5 + 9Q0Q
5
5 − 157Q20Q45 + · · ·
)
X
+
1
24
(
1 +Q25 − 4Q0Q25 − 8Q0Q35 +Q20Q25 − 12Q0Q45 − 8Q20Q35 − 16Q0Q55 − 213Q20Q45 + · · ·
)
X2
− 1
24
(
1− 7Q0Q25 +Q35 − 21Q0Q35 − 35Q0Q45 − 21Q20Q35 − 49Q0Q55 − 284Q20Q45 +Q30Q35 + · · ·
)
X3
+
1
24
(
1− 14Q0Q25 − 28Q0Q35 +Q45 − 56Q0Q45 − 28Q20Q35 − 84Q0Q55 − 348Q20Q45 + · · ·
)
X4 + · · · ,
F (0,3) =
∫ x1 ∫ x2 ∫ x3
W (0,3)(x−11 , x
−1
2 , x
−1
3 )
−1
x21x
2
2x
2
3
=
(
Q0Q
2
5 + 3Q0Q
3
5 + 5Q0Q
4
5 + 3Q
2
0Q
3
5 + 7Q0Q
5
5 + 35Q
2
0Q
4
5 + 5Q
3
0Q
4
5 + 182Q
3
0Q
5
5 + · · ·
)
X1X2X3
− (Q0Q25 + 2Q0Q35 + 4Q0Q45 + 2Q20Q35 + 6Q0Q55 + 24Q20Q45 + 126Q20Q55 + 4Q30Q45 + · · ·)X21X2X3
+
(
Q0Q
2
5 + 2Q0Q
3
5 + 3Q0Q
4
5 + 2Q
2
0Q
3
5 + 5Q0Q
5
5 + 21Q
2
0Q
4
5 + 105Q
2
0Q
5
5 + 3Q
3
0Q
4
5 + · · ·
)
X31X2X3
+
(
Q0Q
2
5 + 2Q0Q
3
5 + 3Q0Q
4
5 + 2Q
2
0Q
3
5 + 5Q0Q
5
5 + 18Q
2
0Q
4
5 + 90Q
2
0Q
5
5 + 3Q
3
0Q
4
5 + · · ·
)
X21X
2
2X3
− (Q0Q25 + 2Q0Q35 + 3Q0Q45 + 2Q20Q35 + 4Q0Q55 + 17Q20Q45 + 72Q20Q55 + 3Q30Q45 + · · ·)X21X22X23 + · · · .
These results completely agree with the topological vertex calculus with the framing f˜ = −1 in appendix
A as far as we have checked. Here let us move to the orbifold phase C3/Z4, and we compute the open string
amplitudes in this phase. This phase transition is carried out by a transfomation z0 = a
−2
3 , z = a
−2
1 ,
and the orbifold mirror maps are given by (4.57) and (4.59). As above, in this orbifold phase we obtain
the disk amplitude F
(0,1)
o and the annulus amplitude F
(0,2)
o with the framing f ∈ Z, and the one-holed
torus amplitude F
(1,1)
o and the genus zero, three-hole amplitude F
(0,3)
o with the zero-framing.8 Note that
7Note that we use the reparametrized mirror curve (E.1) as x → x−1, y → x−2y which does not change the positions
of the ramification points, and |ω(q)−ω(q¯)| is invariant under this reparametrization, so we can compute these amplitudes
by this simple reparametrization.
8The disk amplitude F
(0,1)
o with the framing f = 0 completely agrees with the result in [40](version 4). The other
amplitudes F
(0,2)
o , F
(1,1)
o and F
(0,3)
o also completely agree with the computation via the BKMP’s remodeling approach by
A. Brini [45] (see footnote 4 in subsection 4.4).
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as pointed out in [22] it is not necessary that f is integer, rather, from a viewpoint of the A-model it is
natural that f has a fractional value in the orbifold phase.
F (0,1)o =
{(
1− 1
16
s21/2
2!
− 3
256
s41/2
4!
+ · · ·
)
s1/4 +
( 1
32
s1/2 +
9
512
s31/2
3!
+
321
8192
s51/2
5!
+ · · ·
)s31/4
3!
−
( 3
64
+
37
1024
s21/2
2!
+
1551
16384
s41/2
4!
+ · · ·
)s51/4
5!
+ · · ·
}
Xf
+
{(1
2
s1/2 − 1
8
s31/2
3!
+
1
32
s51/2
5!
+ · · ·
)
+ (2f + 1)
(
−1
2
+
1
16
s21/2
2!
+
7
512
s61/2
6!
+ · · ·
)s21/4
2!
−(2f + 1)
( 1
16
s1/2 +
3
128
s31/2
3!
+
27
512
s51/2
5!
+ · · ·
)s41/4
4!
+ · · ·
}
X2f
+(3f + 1)
{(
−1
3
s1/2 +
7
48
s31/2
3!
− 41
768
s51/2
5!
+ · · ·
)
s1/4 +
(1
3
(3f + 2)− 1
48
(9f + 7)
s21/2
2!
+ · · ·
)s31/4
3!
+
( 1
192
(60f + 43)s1/2 +
1
1024
(60f + 73)
s31/2
3!
+
1
49152
(8460f + 11963)
s51/2
5!
+ · · ·
)s51/4
5!
+ · · ·
}
X3f
+
{
−1
4
(
1 + (4f + 1)
s21/2
2!
− (4f + 1)
s41/2
4!
+ · · ·
)
+ (2f + 1)(4f + 1)
(1
2
s1/2 − 516
s31/2
3!
+ · · ·
)s21/4
2!
+(2f + 1)(4f + 1)
(
−1
2
(4f + 3) +
1
2
(f + 1)
s21/2
2!
− 1
64
(12f + 7)
s41/2
4!
+ · · ·
)s41/4
4!
+ · · ·
}
X4f + · · · ,
F (0,2)o =
{(
−1
4
(4f + 1)s1/2 +
1
32
(8f + 1)
s31/2
3!
+ · · ·
)
+
(1
8
(8f2 + 8f + 1)− f
8
(f + 1)
s21/2
2!
+ · · ·
)s21/4
2!
+
( 1
128
(16f2 + 16f − 1)s1/2 + 3
128
(2f2 + 2f − 1)
s31/2
3!
+ · · ·
)s41/4
4!
+ · · ·
}
Xf,1Xf,2
+(2f + 1)
{(1
8
(8f + 1)s1/2 − 1
128
(56f + 5)
s31/2
3!
+ · · ·
)
s1/4 +
(
− 1
16
(32f2 + 32f + 3) + · · ·
)s31/4
3!
−
( 1
512
(320f2 + 344f + 3)s1/2 +
1
8192
(960f2 + 1752f − 255)
s31/2
3!
+ · · ·
)s51/4
5!
+ · · ·
}
X2f,1Xf,2
+(3f + 1)
{(1
3
+
1
6
(6f + 1)
s21/2
2!
+ · · ·
)
+
(
− 1
24
(72f2 + 54f + 5)s1/2 + · · ·
)s21/4
2!
+
(1
4
(36f3 + 60f2 + 27f + 2)− 1
192
(432f3 + 864f2 + 414f + 19)
s21/2
2!
+ · · ·
)s41/4
4!
+ · · ·
}
X3f,1Xf,2
+(2f + 1)
{(1
2
+ f
s21/2
2!
− f
s41/2
4!
+ · · ·
)
+ (2f + 1)
(
−1
8
(16f + 1)s1/2 +
1
16
(20f + 1)
s31/2
3!
+ · · ·
)s21/4
2!
+(2f + 1)
(3
8
(16f2 + 16f + 1)− 1
64
(96f2 + 128f + 5)
s21/2
2!
+ · · ·
)s41/4
4!
+ · · ·
}
X2f,1X
2
f,2 + · · · ,
F (1,1)o =
{
−
( 1
48
+
1
768
s21/2
2!
+
65
12288
s41/2
4!
+ · · ·
)
s1/4 +
( 5
1536
s1/2 +
81
8192
s31/2
3!
+
19145
393216
s51/2
5!
+ · · ·
)s31/4
3!
−
( 9
1024
+
1367
49152
s21/2
2!
+
40345
262144
s41/2
4!
+ · · ·
)s51/4
5!
+ · · ·
}
X
+
{(
− 1
48
s1/2 +
5
384
s31/2
3!
− 1
768
s51/2
5!
+ · · ·
)
+
( 1
32
− 1
192
s21/2
2!
+
5
3072
s41/2
4!
+
11
2048
s61/2
6!
+ · · ·
)s21/4
2!
+
( 1
512
s1/2 − 5512
s31/2
3!
− 1277
24576
s51/2
5!
+ · · ·
)s41/4
4!
+ · · ·
}
X2
+
{( 5
144
s1/2 − 53
2304
s31/2
3!
+
235
12288
s51/2
5!
+ · · ·
)
s1/4 +
(
− 1
12
+
59
2304
s21/2
2!
− 305
18432
s41/2
4!
+ · · ·
)s31/4
3!
+
(
− 155
3072
s1/2 +
1903
49152
s31/2
3!
+
716555
2359296
s51/2
5!
+ · · ·
)s51/4
5!
+ · · ·
}
X3
+
{(
−1
3
+
1
24
s21/2
2!
− 7
96
s41/2
4!
+
31
384
s61/2
6!
+ · · ·
)
+
(
− 3
32
s1/2 +
11
128
s31/2
3!
− 233
3072
s51/2
5!
+ · · ·
)s21/4
2!
27
+
( 5
16
− 39
256
s21/2
2!
+
3
32
s41/2
4!
+
403
2048
s61/2
6!
+ · · ·
)s41/4
4!
+ · · ·
}
X4 + · · · ,
F (0,3)o =
{( 1
32
s1/2 − 7
512
s31/2
3!
− 79
8192
s51/2
5!
+ · · ·
)
s1/4 +
(
− 3
64
+
11
1024
s21/2
2!
+
353
16384
s41/2
4!
+ · · ·
)s31/4
3!
−
( 33
2048
s1/2 +
1989
32768
s31/2
3!
+
218993
524288
s51/2
5!
+ · · ·
)s51/4
5!
+ · · ·
}
X1X2X3
+
{(1
2
+
1
16
s21/2
2!
− 1
32
s41/2
4!
+ · · ·
)
+
(
− 1
16
s1/2 +
3
128
s31/2
3!
− 7
512
s51/2
5!
+ · · ·
)s21/4
2!
+
( 9
64
− 7
256
s21/2
2!
− 3
512
s41/2
4!
+ · · ·
)s41/4
4!
+ · · ·
}
X21X2X3
+
{(
−2
3
− 1
16
s21/2
2!
+
7
64
s41/2
4!
+ · · ·
)
s1/4 +
( 35
192
s1/2 − 127
1024
s31/2
3!
+
385
16384
s51/2
5!
+ · · ·
)s31/4
3!
+
(
−19
32
+
599
3072
s21/2
2!
+
71
1024
s41/2
4!
+ · · ·
)s51/4
5!
+ · · ·
}
X31X2X3
+
{(
−3
4
− 1
64
s21/2
2!
+
65
1024
s41/2
4!
+ · · ·
)
s1/4 +
( 15
128
s1/2 − 177
2048
s31/2
3!
+
895
32768
s51/2
5!
+ · · ·
)s31/4
3!
+
(
−111
256
+
603
4096
s21/2
2!
+
1245
65536
s41/2
4!
+ · · ·
)s51/4
5!
+ · · ·
}
X21X
2
2X3
+
{(
−1
2
s1/2 +
1
8
s21/2
2!
− 1
32
s51/2
5!
+ · · ·
)
+
(7
4
− 1
8
s21/2
2!
− 15
128
s41/2
4!
+ · · ·
)s21/4
2!
+ · · ·
}
X21X
2
2X
2
3 + · · · .
These orbifold amplitudes are the Z2 and Z4 monodromy invariant discussed in subsection 4.4, and these
results predict the open orbifold Gromov-Witten invariants of C3/Z4.
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